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. Abstract 

f~| . We use the whole-plane Loewner equation to define a family of continuous LERW in 

' finitely connected domains that are started from interior points. These continuous LERW 

. satisfy conformal invariance, preserve some continuous local martingales, and are the scaling 

I i ' limits of the corresponding discrete LERW on the discrete approximation of the domains. 

(N ■ 

> ; 1 Introduction 
O . 

i This paper is a follow-up of [12j , in which we defined a family of random curves called continuous 

CN ' LERW in hnitely connected plane domains, and proved that they are the scaling limits of the 

Q> ■ corresponding discrete LERW (loop-erased conditional random walk). 

, The continuous LERW defined in p2] is a simple curve that grows from a boundary point 

^ I (or prime end, c.f. [1]), say a, of some domain, say D, and aims at a certain target, which 

^ • could be an interior point, a boundary arc or another boundary point of D. It is an SLE2- 

• ^ . type process that satisfies conformal invariance, which behaves locally like the SLE2 process in 

^ I simply connected domains introduced by Oded Schramm (pQ]). The special cases are when D 

d ' is a subdomain of the upper half plane M = {z £ C : Imz > 0}, a = 0, and the part of dD near 

a lies on M. In this case, the LERW is the chordal Loewner evolution driven by some semi- 
martingale, whose martingale part is V2 times a Brownian motion, and whose differentiable 
part contains the information of the domain and the target set. The continuous LERW is first 
defined in the special cases, and then extended to general cases via conformal maps. 

The corresponding discrete LERW is defined on the graph , which is the grid approxi- 
mation of D by for some small 5 > 0. For the construction, we first start a simple random 
walk on from an interior vertex that is closest to a, and stop it when it leaves the domain 
or hits a vertex that is closest to the target. Then we condition this stopped random walk on 
the event that it ends at a vertex that is closest to the target. Finally, we erase the loops on 
this conditional random walk in the order they appear, and get the discrete LERW. 
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The convergence of the discrete LERW curves to the corresponding continuous LERW curves 
were proved using the technique introduced by [5j: first use Skorokhod's embedding theorem to 
prove the convergence of the driving function, and then use the tameness of the discrete LERW 
curve to prove the convergence of the curves. 

This paper will consider the case when the start point a is not a boundary point, but an 
interior point of D. It is natural to define a discrete LERW that starts from a vertex of 
which is closest to a and aims at a given target. The motivation of this paper is to describe the 
scaling limit of this lattice path. We will uses whole-plane Loewner equation ([3j) to define a 
family of random curves, which are still called continuous LERW, and prove that they are the 
scaling limits of the above discrete LERW. 

For the definition of continuous LERW in the domain D started from the interior point 
= and aimed at another interior point, say Zg, we solve an integral equation as below. 
For ^ E C((— oo,T)). Let Kf and tp^, — oo < t < T, be the whole-plane Loewner hulls and 
maps, respectively, driven by ^ (c.f. Section 4.3 of [3j or Section [2741 of this paper). Suppose 
Kf C D\ {ze} for -oo < t < T. Then for each t G (-oo,T), D \ is a finitely connected 
domain containing Z(.. Let 



i?]R is the conjugate map z i— )• z. Let k = 2, and {t), — oo < t < oo, be a driving function 
for whole-plane SLE^ (c.f. Section 6.6 of [3] or Section [372] of this paper). Let A = 2, and ^(t), 
— oo < t < r, be the solution to the integral equation 



such that (— oo, T) is the maximal interval of the solution. It turns out that the solution exists, 
and is a semi-martingale. So there is a random continuous curve /3(t), — oo < t < T, such 
that /3(— oo) = and = /3([— oo,t]), — oo < t < T. Such /3 is called the continuous LERW 
curve in D from to Zg- If the target is a boundary arc or another boundary point, we will use 
harmonic measure function or Poisson kernel function instead of Green function in (II. ip . and 
keep other formulas in the definition unchanged. 

We then prove that these continuous LERW satisfy conformal invariance, and preserve 
some continuous local martingales generated by generalized Poisson kernels. Finally, we use 
the technique in [5] and |12j to show that these continuous LERW are the scaling limits of the 
corresponding discrete LERW. 

The continuous LERW defined in this paper turns out to be locally absolutely continuous 
w.r.t. the whole-plane SLE2. In fact, if ?7 is a simply connected subdomain of D that contains 
the initial point 0, and is bounded away from dD and the target, then the continuous LERW 
stopped at the time tjj when it exits U has a distribution absolutely continuous w.r.t. the whole- 
plane SLE2 stopped at tu. Moreover, there is a local martingale process M(t) such that the 





(1.2) 
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above Radon-Nikodym derivative is M{tu). The formula of M{t) will be given in Section[5j So 
this gives an alternative way to define continuous LERW. First one may use whole-plane SLE2 
and the Radon-Nikodym derivative M{tij) to define a partial continuous LERW (stopped at 
Tf/), say 7(7, for every U . Using the local martingale property of M(t), one can check that these 
partial processes are consistent w.r.t. each other: ^jj^ stopped at tu^ has the same distribution 
as 7(72 stopped at r^/^. Then one may construct a complete continuous LERW 7 such that 7 
stopped at any tjj has the distribution of 7^7 . 

We prefer the definition using the driving function rather than Radon-Nikodym derivative. 
This is because when we prove the convergence of discrete LERW, the technique in [S] and the 
Skorokhod's embedding theorem can be easily applied here without major modifications. If 
one uses the other definition, and tries to prove the convergence, he first has to work out the 
convergence of a particular discrete LERW to the whole-plane SLE2, and then show the con- 
vergence of the discrete Radon-Nikodym derivative (between discrete LERW) to the continuous 
Radon-Nikodym derivative M{tu). The first step requires no much less work than the other 
approach, while the second step seems very difficult to the author. 

The Radon-Nikodym derivative approach is useful in other respects. For example, one may 
use the density functions together with the stochastic coupling technique introduced in [13] 
to prove the reversibility of continuous LERW without using discrete LERW. One may also 
use them to show that the continuous LERW is a loop-erasure of a plane Brownian motion 
restricted in the domain (|llj). 

Unlike the SLE processes started from boundary, there are SLE^-type processes started from 
0, which are not locally absolutely continuous w.r.t. whole-plane SLE^ process. One example 
is the whole-plane Loewner process driven by ^{t) = B^\t) + at, where a is a nonzero real 
constant. Although this is not the case for continuous LERW, some care is required when 
dealing with the definition of SLE started from interior points. 

We expect that the definition of the continuous LERW started from interior points will shed 
some light on the definition of some other random curves started from interior points, e.g., the 
reversal of radial SLE curves, and the scaling limits of self-avoiding walks (SAW) that connect 
two interior points. In particular, our result implies a description of the reversal of radial SLE2. 

This paper is organized in the following way. In Section [21 we review some basic notation 
including the radial Loewner equations and whole-plane Loewner equations. We also study 
the Caratheodory topology restricted to the space of interior hulls. In Section [3l we give the 
detailed definition of continuous LERW started from interior points, and prove that such LERW 
satisfies conformal invariance, and preserves a family of continuous local martingales generated 
by the generalized Poisson kernels. In Section U we prove that the solution to (|1.2p exists 
uniquely, and is a semi-martingale. In Section \5\ we prove that the continuous LERW started 
from an interior point is locally absolutely continuous w.r.t. the whole-plane SLE2 process. In 
the last section, we introduce a family of discrete LERW defined on the discrete approximation 
of the domain, and a sketch of a proof is given to show that the scaling limit of this discrete 
LERW is the continuous LERW defined in this paper. 

We will frequently cite notation and theorems from |12| . The readers are suggested have a 
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copy of |12j at hand. We will often use some basic properties of the SLE processes. The reader 
may refer [9] and [3] for the background of SLE. 

2 Preliminary 

2.1 Some notation 

We adopt the notation in Section 2 of |12] about finitely connected domain, conformal closure, 
prime end, side arc. Green function, generalized Poisson kernel, harmonic measure function, 
hull and Loewner chain, and etc. But now we call the hull and Loewner chain in |12] the 
boundary hull and boundary Loewner chain, respectively, to distinguish them from the interior 
hull and interior Loewner chain that will be defined in this paper. 

Throughout this paper, we use the following notation. Let C = C U {oo} denote Riemann 
sphere. Let H be the upper half plane {z £ C : Imz > 0}. Let D be the unit disc {z G C : |2:| < 
1}. Let T be the unit circle {z € C : \z\ = 1}. Let be the strip {z E C : /i > Imz > 0} for 
h> 0. Let Rh be the hue {z £ C : Im z = h} ioi h G R. Then §h is bounded by M and Rf Let 
Ah be the annulus {z £ C : e^^ < |2;| < 1} for h > 0. We define an almost-D domain to be a 
finitely connected subdomain of D which contains and A/j for some h > 0. 

Let e* be the map z i— )• e*^. Then e* is the covering map from IHI onto D \ {0}, from 
onto A/j, and from R onto T. Let R^iz) = z be the complex conjugate map. Let Rriz) = 1/z 
be the reflection about T. Then e* o = Rj o e*. For w £ C, let Aw denote the map 
z ^ w + z; let Mw denote the map z i— )■ wz. Then e* o = Mgi(^) o e*. Let ^{zq; r) be the 
ball {z £ C : \z — zq\ < r}. If a is a Jordan curve in C, we use U{a) to denote the bounded 
connected component of C \ cr, and let H{a) := U{a) = U{a) L) a. If I is an interval on R, let 
C(/) denote the set of real valued continuous functions on /. For / £ C{I), if [a,b] C /, let 
||/||a,f, = max{|/(x)| : X £[a, b]}; if (-oo, a] C /, let ||/||a = sup{|/(x)| : x < a}. 

2.2 Radial Loewner equation 

If is a boundary hull in D such that ^ H, then we say that H is a, boundary hull in D 
w.r.t. 0. For such H, there is a unique map ipn that maps 0\H conformally onto D such that 
iPh{0) = and ^^(0) > 0. Then dcap(if) := ln(V'^(0)) > is called the capacity of in D 
w.r.t. 0. For example, is a boundary hull in B w.r.t. 0, ^0 = idu, and dcap(0) = 0. From 
Schwarz lemma, [-(/^//(z)] > \z\ for any z £0\H. If Hi C H2 are boundary hulls in D w.r.t. 0, 
define H2/H1 = 'ipHiiH2 \ Hi). Then H2/H1 is also a boundary hull in D w.r.t. 0, and we have 
■0^2/^1 = ipH2 ° i^nl and dcap(i7i) + dcap(i?2/-ffi) = dcap(iJ2)- Thus, \tpH2{z)\ > \tpHiiz)\ for 
any z G D \ H2. 

The following proposition is the radial version of Lemma 2.8 in [4]. The proof is similar. So 
we omit the proof. 

Proposition 2.1 Let S be an open neighborhood of xq £T in D. Suppose W maps S confor- 
mally into D such that, as z ^ T inE, W{z) — )■ T. Such W extends conformally across T near 
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xq by Schwarz reflection principle. Then we have 

lim ^ = W'ixo)^, 2.1 

H^xo dcap(F) 

where H ^ xq means that H is a nonempty hull in D w.r.t 0, and diam(i/ U {xq}) — 0. 

Suppose ^ G C([0,T)) for some T G (0,+oo]. The radial Loewner equation driven by ^ is 
as follows: 

dtMz) = Mz) ^i^it)_2lJy Mz) = z. (2.2) 

For < t < T, let Lt be the set of z G O such that the solution il^siz) blows up before or at 
time t. Then Lt is a boundary hull in D w.r.t. 0, and ipt = i^Lt for each t £ [0, T). We call Lt 
and -04, < i < T, the radial Loewner hulls and maps, respectively, driven by ^. We have the 
following proposition. 

Proposition 2.2 (a) Suppose Lt and ipt, < t < T , are the radial Loewner hulls and maps, 
respectively, driven hy ^ £ C([0,r)). Then {Lt,0 < t < T) is a boundary Loewner chain in D 
avoiding 0, and dcap(Lt) = t for any < t < T. Moreover, 

{e^«W}= fl Lt+e/Lt, 0<t<T. (2.3) 

ee(0,T-t) 

(b) Suppose Lt, < t < T, is a boundary Loewner chain in D avoiding 0, and dcap(Lt) = t for 
any < t < T . Then there is £ C([0,T)) such that Lt, < t < T , are radial Loewner hulls 
driven by ^. 

Proof. This is the main result in [6]. □ 

The covering radial Loewner equation driven by ^ is: 

dtMz) = cot2(^t(z) - m), Mz) = z. (2.4) 

In this paper, we use cot2(^;) to denote the function cot(2;/2). For < t < T, let -^^^be the set of 
z G EI such that the solution ipsiz) blows up before or at time t. We call Lt and ipt, < t < T, 
the covering radial Loewner hulls and maps, respectively, driven by ^. Then ipt maps M\ Lt 
conformally onto H, and satisfies iptiz + 2kTT) = ipt{z) + 2kTT for any /c G Z. Since Imcot2(z) < 
for z G H, so Im-(/'t(z) decreases in t. Suppose Lt and ipt, 1^ t < T, are the radial Loewner hulls 
and maps, respectively, driven by ^, then for any t G [0,T), Lt = (e*)~^(Lj), and iptoe"^ = e^oipt- 

2.3 Interior Hulls and Interior Loewner Chains 

Suppose D is a finitely connected domain. If 7^ F C D is compact and connected, and D\F 
is also connected, then we say that F is an interior hull in D. If F contains only one point, we 
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say F is degenerate; otherwise, F is non-degenerate. If F is a non-degenerate interior hull in 
an n-connected domain D, then D\F \s an {n+ l)-connected domain. If H is another interior 
hull in D, and F C H, then H \ F is a boundary hull in D\F. 

Let T S (—00, +00]. We say the family F{t), —00 < t < T, is an interior Loewner chain in D 
started from zq ^ D if (i) for each t £ {—oo,T), F{t) is a non-degenerate interior hull in D; (ii) 
F{ti) C F{t2) for any ti < ^2 < T; (iii) for any to G (-00, T), {F{to + t)\F{to),0 < t<T-to) 
is a boundary Loewner chain in D \ -F(to); and (iv) n-oo<t<r -^(*) ~ {-^o}- For any to < T, if 
(F(to + t)\-F(to),0 < t < T — to) is started from a prime end w{to) of D\F{tQ), then we say that 
w{to) is the prime end determined by {F{t)) at time to. Suppose n is a continuous (strictly) 
increasing function on (— c«,T), and satisfies n(— 00) = —00, that is, limt^_oo n(t) = —00. Let 
u{T) := lim^^T^ n(t). Then F{u~^{t)), —00 < t < u{T), is also an interior Loewner chain in D 
started from zq. We call it the time-change of {F{t)) through u. Suppose 7 : [— oo,r) — )• D is 
a simple curve. For t S (— oo,r), let F{t) = 7([— oo,t]). Then {F{t)) is an interior Loewner 
chain started from 7(— 00). We call such F the interior Loewner chain generated by 7. Then 
for each t < T, j{t) is the prime end determined by {F{t)) at time t. 

If F is an interior hull in C, and 00 ^ F, then we call F a bounded interior hull. For 
example, if o" is a Jordan curve in C, then H{a) is a bounded interior hull. For any bounded 
interior hull F, there is a unique function (pp that maps C\F conformally onto C \ rD for some 
r > such that (j)p{oo) = 00 and </>'^(oo) := liniz-^oo z/(j)Fiz) = 1. We call rad(F) := r the 
radius of F, and cap(i^) := ln(r) the capacity of F w.r.t. 00. Here if F contains only one point, 
say zq, then (priz) = z — zq, so rad(F) = and cap(F) = ln(0) = —00. If F is non-degenerate, 
then rad(F) > and cap(F) G M, and we define ipp := -^rad(F) ° Then ifp maps C \ F 
conformally onto C \ D, and satisfies ipf{oo) = 00 and (p'p{oo) > 0. Let ipp = Rj o ipp o Rj. 
Then ipp maps C \ Rj{F) conformally onto D, and satisfies V'-f(O) = and ip'piO) > 0. 

The following results are well known (e.g., c.f. [3j). If i*" is a bounded interior hull, a, 6 G C, 
then rad(aF + 6) = \a\ rad(-F); rad(B(zo; r)) = r for any zq £ C and r > 0; rad(-F) > diam(i<')/4 
for any bounded interior hull F, and the equality holds if and only if F is a line segment or 
a single point. By taking logarithm, we get the corresponding results for cap(-F). Suppose 
Fi C F2 are two non-degenerate bounded interior hulls. Then cap(Fi) < ca.p{F2), where the 
equality holds only if Fi = F2. Let F2/F1 := Rf otpp^ (F2 \ -Fi). Then F2/F1 is a boundary hull 
in D w.r.t. 0. Moreover, we have 

V'Fa/Fi =Rt° VF2 ° VfI ° Rj, (2-5) 

and dcap(F2/Fi) = cap(F2) — cap(Fi). Since {ipp^/p^lz)] > \z\ for any z € P \ {F2/F1), 
so |(/?ir^(2;)| > |(/9i?2(-2^)l ^or any z £ C \ F2. If Fi C F2 C F3 are non-degenerate bounded 
interior hulls, then F2/F1 C F3/F1, and {F3 / Fi) / {F2 / Fi) = F3/F2. Here F3/F1 and F2/F1 are 
boundary hulls in D w.r.t. 0, and the quotient between F3/F1 and F2/F1 uses the definition in 
the last subsection 

Let Ti denote the set of all bounded interior hulls, and let T-Lq denote the set oi H £% such 
that £ H. From Proposition 3.30 in ^Sj, there is an absolute constant > 3 such that, for 
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any H £ T-Lq with rad{H) = 1, and any z £ C with 1^1 > 1, 

\cPj,\z)-z\<Cn. 

Suppose H G Ho is non-degenerate. Let Hq = H/ iad{H) £ Hq. Then rad(i7o) = 1- So for any 
z £C with \z\ > rad{H), (f)'J^{z) = iad{H)(j)'J^^{z / rad(i/)), which imphes 

\(t,-^\z) -z\ = \ct>-^\{z/Tad{H)) - z/iad{H)\rad{H) < C7^rad(i/). 

If if G "H is non-degenerate, then there is zq £ H with l^ol = dist(0, ff). Then Hq = H — zq £ 
Tio, rad(iio) = iad{H), and 0]^^ = Az^ o 4>hI- Thus, for any \z\ > rad(i/), 

\cI)h\z)-z\ < \zo\ + \(l)Hliz)-z\<d[st{0,H) + CHrad{H). (2.6) 

If H = {zq} is degenerate, (j2.6|) still holds because i;^^^ = Az^ and dist(0, if) = \zo\. For any 
interior hull H, Since (f)Jj^ maps {\z\ > rad(ii)} onto C \ H, so for any z £ C \ H , 

\(I)h{z) -z\< dist(0, H) + Ch vad{H). (2.7) 



2.4 Whole-plane Loewner equation 

Suppose F{t), — oo < t < T, is an interior Loewner chain (in C) avoiding oo, that is, oo F{t) 
for any t < T. If cap(F(t)) = t for any t < T,we say {F{t)) is parameterized by capacity. In the 
general case, v(t) := cap(F(t)) is a continuous increasing function such that v{—oo) = — oo, and 
the time-change of {F{t)) through v is parameterized by capacity. The following proposition is 
a combination of a theorem in [3J and its inverse statement. 

Proposition 2.3 (i) Suppose ^ £ C((— oo,T)). Then there is a unique interior Loewner chain 
Kf, — oo < t < T, which is started from 0, avoids oo, and is parameterized by capacity, such 
that the fallowings hold. For — oo < t <T, let (ft = fKf Then (ft satisfies 

dmiz) = n{z) v (2-8) 

and for any zq £'C \ {0}, 

lim eVt(-zo) = zq. (2.9) 

(ii) Suppose Kt, —oo < t <T, is an interior Loewner chain started from avoiding oo, and 
is parameterized by capacity. Then there is ^ G C((— oo,T)) such that for ipt = ^Ka (KM o,nd 
( fOI) both hold. 

Proof, (i) This is a special case of Proposition 4.21 in [3], where = ^e\^(t))- 

(ii) Fix t £ (— oo,T). Since Kt £ Hq, rad(iCj) = e*, and (jiKt = -^e* ° Vt, so from (j2.7p . 

\e^^t{z) - z\ <CHe\ z£C\Kt. (2.10) 
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Fix zq £ C \ {0}. Since {0} = n-oo<t<T-^t' there is Tq G (— oo,T) such that zq -^t for 
t < To, which implies that |eVt(-Zo) - -^ol < C^e* from ([2JU]1 . Thus, ([22]) holds. 

Fix 6 G (— oo, r). Since {Kb^t/Kh, < t < T — b) is a boundary Loewner chain in D avoiding 
0, and dcap(i^5+j/i^fe) = cap(i^'fe+t) — cap(Kfe) = t for < t < T — 6, so from Proposition 12. 2| 
there is € C([0, T — 6)) such that Ki,j^t/Ki,, < t < T — b, are the radial Loewner hulls driven 
by ^h, and for each t £ [0,T — b), 

|giC,(t)}= ^ = fl Kb+t+e/Kt+f (2.11) 

ee(0,T-b-t) e&{0,T-b-t) 

For t G (-oo,T), choose b G (-oo,t], and let x{t) = e\ib{t-b)). From (f2lT]) . the value of x(t) 
does not depend on the choice of b. Since ^f, £ C'llO, T — 6)) for each 6 < T, so x is a T- valued 
continuous function. Thus, there is ^ G C((— oo,r)) such that xif) = ^^{0^)) foi' ~oo <t <T. 
Since e^(^b(t)) = e'{^{b + 1)) for < t < T - b, so Kb+t/Kb, < t < T - b, are also the radial 
Loewner hulls driven by ^{b + •). Let "0* > < t < T — 6, be the radial Loewner maps driven by 
^{b + •)• Then for t G [0, T - 6), = i'K^+jK^ = Rj o (fb+t ° Vb^ ° Rj, and 



Since Rj o ^/;^ = o ^ o Rj, and ^ o i?T niaps D \ (-ft^h+t / -fi'fe) onto C \ Kb+t, so (j2.8p holds 
for f G [b,T). Since 6 G (— oo,T) could be arbitrary, so (12. Sp holds for all t G (— c«,T). □ 

In the above proposition, Kt and (^j, —00 < t < T, are called the whole-plane Loewner 
hulls and maps, respectively, driven by ^. Since e*(^fe(t)) = e*(^(6 + t)) for < t < T — 6, and 
6 G (— oo,T) is arbitrary, so from (12. lip we get a formula similar to (12. 3p . which is 

{e*5W}= ^ i^t+e/i^t, -oo<t<T. (2.12) 

ee{0,T~t) 

For t G (—00, T), let = Rj{Kt) and -^t = i?T °^t° Rt- Then = ^pKtl C \ is a simply 
connected domain that contains 0, "0* niaps C\Lt conformally onto D, fixes 0, and satisfies 

We call Lt and "0* the inverted whole-plane Loewner hulls and maps, respectively, driven by ^. 

The covering whole-plane Loewner equation is defined as follows. Let Kt = {e^)~^{Kt), 
—00 < t < T. Suppose (ft, —00 < t < T, satisfy that for each t, ipt maps C \ Ki{t) conformally 
onto — H, o (fit = o e*, and the following differential equation holds: 

dm{z) = cot2{ipt{z) - m), -00 < t < T; (2.14) 

lim {ipt{z) -it) = z, 2 G C. (2.15) 

f — 00 
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Then we call Kf and tpt the covering whole-plane Loewner hulls and maps, respectively, driven 
by ^. Such family of (ft exists and is unique. In fact, for each t G {—oo,T), we can find 
some (ft that maps C \ Kj{t) conformally onto — IH such that e* o gj{t, •) = gi{t, •) o e*. Such 
ipt is not unique. Since tpt is differentiable in t, so one may choose ^pt such that it is also 
differentiable in t. From (|2.8p we conclude that (j2.14p must hold. Prom (j'2.9|) we conclude that 
limf_>._oo(^t(-2) — it) = z + i2mr for some n G Z, and such n is the same for every z. Now we 
replace (pt by (ft — i2mr. Then (I2.14p and ()2.15p still hold. So we have the existence ofgj{t,-). 
The uniqueness follows from the same argument. 

For — oo < t <^T, let Lt = RR{Kt) and V'i = Rr °<^t° Rr- Then we have Lt = {e'^)^^{Lt), 
oipt ="0*0 6*) V't maps C\Lt conformally onto H, and satisfies 

dtMz) = cot2(V^t(z) - -oo < t < T. (2.16) 

We call Lt and ipt the inverted covering whole-plane Loewner hulls and maps, respectively, 
driven by It is easily seen that for — oo < t < T, the whole-plane Loewner objects driven by 
^ at time t, such as Kt, ft, Lt, tpt, Kt, (ft, Lt, i^t, are all determined by e*(^(s)), — oo < s <t. 

From (|2.14p and (|2.15p . for any z G C \ Lt, we have 



RRii^tiz) - {z- it)) = iftiz) - (z + it) = / {cot2i(psiz) - Cis)) - i)ds 

J — oo 



^e^iifsiz)) - e*(e(s)) J V'sie'iz)) - e'i^s)) 

Suppose that (1 + C-H)e*|e*^| < 1/2. Since |e*(z)| = l/|e*(z)|, so for any s G (-oo,t] 



e-1e^(^)|-(l + C«)>^|-^. (2.18) 

Note that e\z) £ C \ Kt C C \ Ks, -oo < s < t. From (pTO]) . for s G {-oo,t], we have 
|(/9s(e*(z)) — e~*e*(z)| < C-^, which together with (j2.18p implies that 

\Me\z)) - e\am > IV'sie'im - 1 > \e-'e\z)\ - Cu - 1 > ' ' 



2\e'{z)\ 

From (j2.17p and the above formula, we have 

\Mz)-{z-it)\<4{l + Cn)e'\e''\, if (1 + C«)e*|e^^| < 1/2. (2.19) 

2.5 Caratheodory topology 

The following definition is about the convergence of domains in Caratheodory topology. 
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Definition 2.1 Suppose Dn is a sequence of domains and D is a domain. We say that {D„) 

converges to D, denoted by Dn — > D, if for every z ^ D, dist*(2;, 9*-D„) — >• dist*(z, S'^-D). 
This is equivalent to the foUowings: 

(i) every compact subset of D is contained in all but finitely many Dn 's; and 
(a) for every point zq e d*D, disi*{zQ,d*D n) — as n — >■ oo. 

A sequence of domains may converge to two different domains. For example, let Dn — 
C \ ((— oo,n]). Then L>„ ^^^^ H, and Dn — — > — H as well. But two different limit domains of 
the same domain sequence must be disjoint from each other, because if they have nonempty 
intersection, then one contains some boundary point of the other, which implies a contradiction. 

Suppose Dn D, and for each n, /„ is a C valued function on Dn, and / is a C valued 
function on D. We say that /„ converges to / locally uniformly in or /„ f in D, if for 
each compact subset F oi D, /„ converges to / in the spherical metric uniformly on F. If every 
fn is analytic (resp. harmonic), then / is also analytic (resp. harmonic). 

Lemma 2.1 Suppose Dn -> D, fn maps Dn conformally onto some domain En for each n, 
and fn f in D. Then either f is constant on D, or f maps D conformally onto some 
domain E. And in the latter case, En^ E and f-^ ^ f-^ in E. 

This lemma is similar to Theorem 1.8, the Caratheodory kernel theorem, in |7!], and the 
proof is also similar. 

Recall that Ti is the set of all bounded interior hulls in C. For every sequence {Hn) in T-L, 

there is at most one H such that C\Hn — — > C\H because if we also have C\Hn — — > C\H' 
for some H' £ Ti, then from (C \ H') n {C\ H) ^ (/} we conclude that C\H' = C\H, and so 
H' = H. We write Hn — ^ H for C \ Hn — — > C\H. We will define a metric d-^ on Ti such that 

Hn ^ H w.r.t. dfi iff Hn H. 

Recall that for each H £ T-L, (f)H maps C\H conformally onto C \ {|z| < rad(-ff)} such that 
(pnioo) = oo and (j)'jj{oo) = 1. So (j)'^ is defined on {\z\ > rad{H)}. For Hi,H2 G Ti, let 

d^iHi,H2) = I vad{Hi) - rad(i/2)| + 

oo 1 

+ ^ 2-^ snp{\cj)Jj\{z) - ct>Jjl{z)\ : \z\ > (rad(Fi) V rad(F2)) + -}. (2.20) 

m=l 

It is clear that H2) = d:^(i?2, ^^i) > 0, and d':^{Hi,H2) = iS Hi = H2. From i^M) we 

have dy^{Hi, H2) < 00. But may not satisfy the triangle inequality. 
We now define a metric d-^ from d^ such that for Hi,H2 £ %, 

n 

dn{Hi,H2) = inf{^4(Ffe_i,Ffe) : Fq = Hi,Fn = H2, F^ £ n,0 < k < n,n £ N}. (2.21) 
k=l 
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It is clear that < d-}i{Hi, H2) = d-}i{H2, Hi) < d^{Hi, H2) < 00 and d-^i satisfies the triangle 
inequality. We need to check that d-}{{Hi, H2) = if and only if Hi = H2. The "if" part is 
clear because d'}{{Hi, H2) < dy^{Hi, H2). For the "only if" part, we prove by contradiction. 
Suppose Hi 7^ H2 and H2) = 0. If there are Ff^ £ Ti, < k < n, such that Fq = Hi and 

Fn = H2, then from (|2.2U|) we have 

n n 
Y.dl{Fk^i,Fk) > J^|rad(Ffe_i) -rad(Ffc)| > | rad(Fi) - rad(F2)|. 

k=l k=l 

So we have | rad(-?/i) — rad(i/2)| < d-}{{Hi, H2) = 0, which implies that rad(-fri) = rad(-ff2)- Let 
r = rs,d{Hi). Since Hi ^ H2, so (f>Jj^^ ^ on {\z\ > r}. Thus, there is m G N such that 

sup{\^Hdz) - <PhAz)\ ■■\z\>r+-}>-. (2.22) 

m m 

Since d%{Hi^ H2) = 0, so there are F^ £ Ti, < k < n, such that Fq = Hi and F„ = H2, and 

" 2-2m 

^<(F,.i,Ffc)<— -. (2.23) 

k=l 

For any 1 < j < n, since 

^|rad(Ffc_i) -rad(Ffe)| < ^ d^(Ffc_i, Ffc) < ^— < — , 

k=l k=l 

SO rad(Fj) < rad(Fo) + 2^ = + 2^- Thus, from (l2:20D and (f2:22]l 

n n ^ 

^4(Ffc_i,F,) > ^2-2™sup{|</.^;_^(z) - (t>pl{z)\ : \z\ > (rad(F,„i) V rad(F,)) + — } 

k=l k=l 

n 

> 2-'^J2'np{\rFUz) - rFl{z)\ ■■\z\>r + -} 
k=l 

> 2-'"^ sup{\rHliz) - <Ph'M ^ ^ + -} ^ 

which contradicts (j2.23p . Thus, d-^ is a metric on H.. 

Suppose Hn —7- H w.r.t. d-^. Then we have rad(i7„) — T&d{H) and (/)^^ converges to (l)Jj^ 

uniformly on {\z\ > Ta.d{H) + e} for any e > 0. Thus, {|z| > rad(ffn)} {\z\ > rad(i?)} and 

'^hI '^if^ ^1"^! ^ rad(i/)}. From Lemma [271} we have C\Hn = (j)Jj^^{{\z\ > rad(ff„)}) 

(/);f^^({|2| > rad(i7)}) =C\H, i.e., ^ On the other hand, suppose C \ F„ ^ C \ 
We will show that Hn — )• H w.r.t. d-^. For this purpose, we will derive a stronger result. 
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Recall that T-Lq is the set of hulls in T-L that contains 0. Since d-}{{Hn, Hq) — t- implies 

Hn Ho, so no is a closed subset of {'H,d'H). For any F eTi, let niF) = {H € n : H C F}, 
no{F) = niF) n no, and n^{F) = {H e no{F) ■. cap(F) >x], X e M. Then no{F) and 
n^^F) are closed subsets oin{F) because rad is continuous w.r.t. d-^. The hulls in n^^F) are 
non-degenerate because they have finite capacities. If cr is a Jordan curve in C, we write n{a), 
no{a), and nf,{a) for n{H{a)), no{H{a)), and n^{H{a)), respectively. 

Lemma 2.2 n{F), no{F) andno{F) are all compact subsets of {n,dy). 

Proof. Let rp = max{|z| : z G F}. Then for any H G n{F), rad(-ff) < rad(F) < rp. 
Suppose (Hn) is a sequence in n{F). By passing to a subsequence, we may assume that 
Tad{Hn) ^ ro G [O^rp]. For each n e N, let gn{z) = (t^H^iz) - z for C \ B(0; rad(i?„)). Then 
Qn is analytic. From (12. 6p . is bounded by Cj? := (1 + C'u)rp. Since rad(ff„) — >• ro, so 

C \ B(0; rad(if„)) ^ C \ B(0; ro). Since {g is a normal family, by passing to a subsequence, 

we may assume that {gn) go in C\B(0; ro). Then I^iqI is also bounded by Cp on C\B(0; ro). 
Let fo{z) = go{z) + z for \z\ > ro- Then fo{z) — z is bounded, and (f)Jj^^{z) = gn{z) + z — )• fo{z) 
uniformly on {\z\ > r} for any r > rQ. From Lemma [2. 11 /q is either constant or a conformal map 
on C\B(0; ro). Since fo(z)—z is bounded, so /o cannot be constant. Thus, /o is a conformal map, 

andC\Hn /o(C\B(0; ro)). Since /o(-z) — 2: is bounded, so oo = /o(oo) G /o(C\B(0; ro)) and 
/q(oo) = lim„_i.oo(0j^|j'(oo) = 1- Since /o(C \ B(0; ro)) is simply connected, so its complement 
in C is some Ho G n. Thus, /q = (p'Jj^^ and rad(-?/o) = ''o- 

We now have proved that, by passing to a subsequence, we have rad(i/„) — t- rad(i7o) and 

'^nt, 'I^hI in C \ B(0; ro). Moreover, for any \z\ > Tad(Hn) V rad(-ffo), 

irnliz) - rHl{z)\ < \cl>jliz) -z\ + irnliz) -z\< 2Cp. 

Given e > 0, there is M G N such that 2"^^(2Cf) < e/3. There is > M such that, for n> N, 
|rad(i?„)-rad(ifo)| < (e/3) A (1/iV), and |(?i^)^(z) -(/>^J(z)| < e/3 for any \z\ > rad(i?o) + V^V- 
Thus, 

dniHn, Ho) < Ho) = I rad{Hn) - rad(/7o)| + 

00 

+ ^'^supUcPhK^) - <t>J,l{z)\ : \z\ > (rad(i7,) V rad(/7o)) + 1/m} 

771=1 

A'' 00 

< £ + £ y 2-™ + 2Cf y 2-"^ < £ + £ + £ = e. 
3 3^ ^Z^ 3 3 3 

m=l m=N+l 

So we have d'^{Hn, Ho) — )• 0. Thus, n{F) is compact. The rest part of the lemma follows from 
the facts that no and {H G n : cap(//) > x} are closed. □ 

Suppose Hn — > H. Choose ro G (0,oo) such that H C {\z\ < ro}. Then {\z\ = ro} is 
a compact subset of C \ i^. Let 6 = dist(i?, {\z\ = ri}) > 0. Choose zq G dH = d{C \ H). 
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Since C\ Hn ^ C\H, so there is iV G N such that if n > iV, then {\z\ = ro} C C\Hn 
and dist(2:o,9(C \ Hn)) < S, which imphes that Hn n {\z\ = ro} = and Hn n {\z\ < ro} / 0. 
Since i/„ is connected, so Hn C {\z\ < vq} ii n > N. Thus, {Hn ■ n > N} C "^({12:1 < ro}). 
From Lemma \2.2\ {Hn ■ n G N} is a pre-compact set. Assume that Hn -f^ H w.r.t. d-^. Then 
there is e > and a subsequence (Hn^.) of (Hn) such that d-}{{Hn,., H) > e for any A; E N. 
By passing to a subsequence, we may assume that Hn,. — ?• H' w.r.t. d-^. Then H' ^ H and 

Hn^. — > H' . Since Hn — > H, so the subsequence Hn^ — > H as well. Then we must have 
H' = H, which is a contradiction. So Hn — >• H w.r.t. d-^. So the topology on Ti generated by 
d-}{ agrees with Caratheodory topology. From ()2.20p and (|2.2ip we see that if Hn — >• H w.r.t. 

d-^i, then rad(-fr„) — )• rad(-ff) and (/>^^ (pjj^ in {\z\ > rad{H)}. From Lemma l2.ll we have 

(pH in C\H. Recall that for every non-degenerate interior hull H, ipn = Tad{H)^^(pH 
maps C\H conformally onto {\z\ > 1} and ipu = Rj o ipu ° Rj maps C \ RtT{H) conformally 
onto D. 

Lemma 2.3 Let a he a Jordan curve, F he a compact suhset of C \ H{a), and 6 G R. // 
(i?n)5^i is a sequence in 'H^(a), then there is H G %^{a) and a suhsequence {Hn^) of {Hn) 
such that ^H„^ ~^ fH uniformly on F, and ipH„^ — ^ ipH uniformly on Rj{F). 

Proof. From Lemma 12.21 there is H £ ?^^(a) and a subsequence (Hn^.) of {Hn) such that 

'hi 1 u 

Hn,. — > H. Then va.d{Hn^.) — )• Tad{H) and (t>Hnf. 4'H inC\H. Since H C H{a) and F is a 
compact subset of C\H{a), so F is also a compact subset ofC\H. Thus, (pHn^, 4'H uniformly 
on F. Since rad(-ff„^) — )• rad(i7) > e^, so ^h„i^ — ^ uniformly on F, and ipH„^ 4'H 
uniformly on Rf{F). □ 

3 Continuous LERW 

3.1 Continuous boundary LERW 

Let be an almost-D domain, and p E il. Let = (e*)~^(il) and p = (e*)~^(p). For 
^ G C([0,T)), let V't (resp. Vt) and l\ (resp. Lj), < t < T, denote the radial (resp. covering 
radial) Loewner maps and hulls, respectively, driven by ^. Suppose l\ C Q. \ {p}, that is, l| C 
Then is a. finitely connected subdomain of fi, and contains p. Let ^\ = ip^ {^l\ L^) , 

= (e^)-i(Jlf) = ^^{n \ If), p\ = 4(p), and = V't (p)- Then Q\ is also an almost-D 
domain, p\ G and pif C For a finitely connected domain D and zq G D, let G{D,zo; •) 
denote the Green function in D with the pole at zq. Let 

4 = G{n \ lIp; •) o {4)-' = G{nlph •), (3.1) 

and jf = jf o e*. Then J^^ is harmonic on 0| \ p|, and vanishes on M, so can be extended 
harmonically across M by Schwarz reflection principle. Let X^{t) = {dxdy/dy)jf{£^{t)). The 
following theorem is similar to Theorem 3.1 in |12] . The difference is that here we use radial 
Loewner equation. We will prove the theorem in Section 14. 1[ 
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Theorem 3.1 (i) For any f £ C([0,oo)) and A G M, the equation 

m = f{t) + ^fx^(.s)ds (3.2) 
Jo 

has a solution ^(t) on [0, a] for some a > 0. 

(a) If for j = 1,2, solves i3. 2\) for < t < Tj, and Tj > 0, then there is S > such that 
Ut)=Ut) forO<t<S. 

Remark The statement of the above theorem is enough for the use of this paper. In fact, the 
followings are true. Equation (|3.2p has a unique maximal solution ^f{t){t), < t < Tf, for some 
Tf > 0. Here we call a solution maximal if it can not be extended. Moreover, for any a > 0, 
{/ G C([0,oo)) : Tf > a} is open w.r.t. || • ||o,a) and / i— )• is (|| • ||o,a, || • ||o,a) continuous on 
{Tf > a}. Let A = 2 and f{t) = ^/2B{t), where B{t) is a Brownian motion. Let £,{t), < t < T, 
be the maximal solution to (13. 2p . For < t < T, let 

u{t)= fdyJUasyfds. 

Jo 

One can prove that (L^_i(^^,0 < t < u{T)) has the same distribution as the continuous 
LERW(f];l p) defined in [12]. The proof is similar to that of Theorem 3.2 in [T2]. So 
the radial Loewner equation plays an equivalent role as chordal Loewner equation in defining 
a continuous boundary LERW. 

3.2 Continuous interior LERW 

Let D be a finitely connected domain that contains 0. Fix Ze £ D \ {0}. Let Q = Rj{D), 
p = Rf{ze), n = {e')-^{n), and p = {e')-^{p). Let ^ G C((-oo,r)). We use (resp. if, if) 
and (p^ (resp. V'j , V't ); < t <T,to denote the whole-plane (resp. inverted whole-plane, inverted 
covering whole-plane) Loewner hulls and maps, respectively, driven by ^ G C((— oo,r)). Recall 
that if ^ G C([0,T)), we use V'f, V'ti ^^"^ denote the radial Loewner objects driven by 

^. But this will not cause ambiguity. 

If for some t < T, Kf C D\{zeh that is, Lf C ^\{p} or C n\p, then let = ipl{n\L^), 
p\ = ^pI{p)^ ^ = {e')-^{nf) = (0\Lf), andpf = {e')-\pl) = i^f{p). Then is an almost-B 
domain that contains . 

Let 

J| = G{n \ lIp; •) o (^«)-i = G{nlph •), (3.3) 

and = 4 ° e\ Then is a positive harmonic function in il^ \pf, and vanishes on M. From 
Schwarz reflection principle, j| extends harmonically across M. Let X^{t) = {dxdy / dy) {^{t)) . 
Recall that ■i/'f = -^^T ° Rt- It is easy to check that the X^it) here agrees with that in (II. ip . 

For a G M, let Ta denote the topology on C((— oo,a]) generated by || • b < a. For 
/i)/2 G Cii—oo,a]), we write /i ~ /2 if e*(/i(t)) = e*(/2(t)) for any t < a. Let TJ be the set 
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of S* G 7^ such that 7r^-'^(7ra(S')) = S, where iTa is the projection map from C((— oo,a]) onto 
C((— oo,a])/ ~. Then is also a topology on C(M). Let J"^ be the u-algebra generated by 
TJ . Then agrees with the u-algebra generated by the functions / i— )• e*(/(t)), t E (—00, a]. 
The proposition and theorem below will be proved in Section 14.21 

Proposition 3.1 If La C \ {p}, then the improper integral f'^^Xi{t)dt converges. 

Theorem 3.2 Fix A G M. For any f G C(M), the equation 

e(t) = /(t) + A f xHs)ds (3.4) 

has a unique maximal solution G C{{— 00, Tf)) for some Tf £ (—00, +00]. Moreover, 

(i) for any a G M, {/ G C(M) : Tj > a} G TJ , and f ^ if is {TJ ,TJ)- continuous on 
{/ G C{R) : Tf > a}; 

(ii) there does not exist a Jordan curve a such that Ut<T/ H[a) C D \ {zg}. 

Let B^{t) and B^{t), < t < 00, be two independent Brownian motions. Let x be a 
random variable that is uniformly distributed on [0, 2tt), and independent of B±{t). For k > 
and t G M, let B^\t) = x + -v/K-Bsign(t)(|i|)- Then the whole-plane Loewner hulls driven by 

B^ (t) are called the whole-plane SLE^ hulls. We will be particularly interested in the case 
that K = 2. 

Let {Tt) be the usual augmentation of (J^) w.r.t. the distribution of B^\ So {Tt) is right- 
continuous. Let Too = V(g]Rj-t. Suppose 5 is a finite (J^()tg]R-stopping time. Then for any 
t > 0, 5 + t is an (J^()tg]R-stopping time. So we have a filtration {Ts+t)t>o- For t > 0, let 
Bsit) := {B^\S + t) - B^\S))/V2. It is well known that iBs{t),t > 0) is an {I's+t)t>o- 
Brownian motion. 

Suppose ^ G C((— oo,r)) is the maximal solution to (13. 4p with / = B^ and A = 2. Then 
we call (i^l , < t < r) a continuous interior LERW process in D from to Ze, and let it 
be denoted by LERW(L';0 — )• Zg)- From Theorem 13.21 (i), T is an (7"j)tgR-stopping time, and 
(e*(^(t))) is (7"j)-adapted. So for any fixed a G M, (^(a + 1) — ^(o), < t < T — a) is {J^a+t)t>o- 
adapted. Since Kf,L^,L^,ip^,il)^,il)f are determined by e* o ^(s), —00 < s < t, so they are all 
(-^t)tgR-adapted. Note that in general (^(t)) is not (7"f)tg]K-adapted. 

Let R = dist(0;ai:> U {ze}) > 0. Fix r G (0,i?). From Theorem [32] (ii), there is to S 
(-00, T) such that (/L B(0;r). Then T > to = capiKfj > ln(r/4). So T > ln(i?/4). Fix 
a G (-oo,ln(i?/4)). Then a <T. Let Ta = T - a and ia{t) = ^(a + t) - ^(a) for < t < T^. 
Then Ta is an (7a+t)t>o-stopping time, (Ca(i)) ^.nd (X^(a + t)) are (Ja+t)t>o-adapted. Recall 
that Bait) = iB^^\a + t) - B^\a))/V2 is an (J-"a_(_j )j>o-Brownian motion, so ^a solves the 
(J"a+t)t>o-adapted SDE: 

dia{t) = V2dBa{t) + 2X^{a + t)dt, 0<t<Ta. (3.5) 
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From Girsanov's theorem ([5J) and the existence of the radial SLE2 trace, one can easily 
show that the interior Loewner chain K^, —00 < t < T, is a.s. generated by a simple curve 
-00 < t < T, with /3(-oo) = 0. We call such /? an LERW(L>; Ze) curve. 

Suppose 7^ -2e S D. If zq E C, we define LERW(Z); zq — )• Ze) to be the image of 
LERW(A-i(Z));0 ^ A-^{ze)) under the map AzQ. If zq = 00, we define LERW(Z); zq — )■ Zg) to 
be the image of LERW(VF(L>); W{ze)) under the map W{z) = l/z. 

Remark A continuous LERW(C : — )• 00) has the same distribution as a whole-plane SLE2. 
This can be seen from the fact that X^{t) = 0. 

3.3 Conformal invariance 

Theorem 3.3 Let D he a finitely connected domain, and zo,Ze € D with zq 7^ Ze- Let 
{Kt,— 00 < t < T) be an LERW{D;zq — )• Ze) process. Suppose V maps D conformally onto 
another finitely connected domain D* . Then after a time-change, {V{Kt),— 00 < t < T) has 
the same distribution as {K^^—oo <t< T*), which is an LERW{D*;Zq — )• z*) process, where 
Zq = V{zo) and z* = V{ze). 

Proof. WLOG, assume zq = z^ = 0. Let k = 2. From the definition, = for —00 < t <T, 
where ^(t), —00 < t < T, is the maximal solution to the equation 

m = Bi-\t) + (3 - I) xlds. (3.6) 

Since k < 4, so from the property of SLE^ (c.f. [9J), a.s. y~^(oo) Kt for any t < T. Since 
V{0) = 0, so {V{Kt), —00 < t < T) is a.s. an interior Loewner chain started from avoiding 00. 
Let u{t) = c8ip{V{Kt)) for -00 < t < T, and T* = u{T). Let v{t) = w'^it) and K* = V{K^(^t)) 
for -00 <t<T*. So (K^) is a time-change of {V{Kt)). We will prove that {K;, -co < t < T*) 
has the same distribution as an LERW(Z)*;0 — t- z*). Since {K^) is parameterized by capacity, 
so from Proposition 12. 3| there is ^* G C((-oo,r*)) such that K* = xf for -00 <t<T*. For 
simplicity, we omit the superscripts ^, and replace the superscripts ^* by * for the whole-plane 
Loewner objects driven by ^ or respectively, in the rest of this proof. 

Recah n = Rj{D), n = ie')-^{n), p = Rj{ze), p = {eT\p), = \ Lt), and 

Ut = (c*) ""^(^^t)- We can define Q,*, Q*, p*, p*, Q*, and Q^, similarly for D* and the driving 
function ,^*. Let W = Rj oV o Rj. Then W maps Cl conformally onto , and W{p) = p*. 
There is W that maps conformally onto il* such that e^ oW = W o . Let 

Wt = ru[t)°Woi:-\ Wt = ru(t)°Woi^-\ -00 <t<T. (3.7) 

Then o Wt = VFj o e*, and Wt (resp. Wt) maps (resp. Qt) conformally onto f^u(j) (resp. 

Since Wt{z) ^ T as Qt ^ z ^ T, and Wt{z) M as Of 9 z M, so from Schwarz 
reflection principle, Wt (resp. Wt) extends conformally across T (resp. M). Since Wt{Kt+e/ Kt) = 
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K{t+e)/K(t) ioi -oo < t < t + e < T. So from Wt{e'{C{t))) = e'{C{uit))). Since 

dcap{Kt+£/ Kt) = e and dcap(iir*j.j^^^/ir*^^p = u{t + s) — u(t), so from (j2.ip we have, 

u'it) = \Wlie^m))\' = Wl{mf, -oo<t<r. (3.8) 

Now e* o = Wto elicit)) = e*(C*(u(t))), so Wt{C{v{t))) is also the driving function of 

(K^). So we may choose ^* such that, 

C{u{t)) = Wtim), -oo < t < T. (3.9) 

Differentiate the equahty Wt o ipt{z) = V'u(f) ° l^(-z) w.r.t t for t G (— oo,T) and z G \ Lt. 
From (I2l6]) . (13:81) . and we have 

ajTyj(v^t(z)) + wliMz)) cot2(v^t(^) - ^(t)) 

= u'{t) cot2(C(t) ° vF(^) - tium = wimf cot2iWt o - Wtim))- 

Since ipt maps Q\ Lt onto ilj, so for any w £ Qt, 

dtWtiw) = WMt)? cot2{Wt{w) - Wtim)) - Wliw) cot2(u; - m)- 
Letting — )• ^(t) in ilt, we get 

dtWtiavm = -3<(C(^;(^))). (3.10) 

Since W maps Q\L^(^f^ conformahy onto 17* \LJ', and W{p) = p*, so G{U\Lt,p; •) = G(0* \ 
L*uityP*-^ •) ° Thus,yt = J:(,) o ly^, and so Jt = J^^^,^ o Wf Since X(t) = {d,,dy/dy)Jt{m), 
X*{uit)) = {d,dy/dy)J*^^^{^*{u{t))), so from 

xit) = wl'im/wim) + wim)x*{n{t)), -oo < t < r. (s.n) 

We now want to apply Ito's formula. The following non-rigorous argument illustrate the 
idea of the proof. From (j3.6p . ^(t), — oo < t < T, satisfies the SDE 

dm = dBl^\t) + (3 - ^)x{t)dt. (3.12) 
One may think of B^\t) as ^/liB{t). From ([321), dHlH]) . and Ito's formula, we have 

dCHt)) = w^[m)dm + dtWt{m)dt + '^wi\m)dt 
= wmt))dBi^\t) + (3 - 1) (wmmm - Kim))dt. (3.13) 
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From ()3.1ip we then have 

deHt)) = wim)dBl^\t) + (3 - ^)w;mfx*iumt. 

Fmahy, we use p.Sp to conclude that there is another copy of B^{t) such that 

dC{t) = dB^^\t) + (3 - '^^X*{t)dt, -00 <t<T*. 

So is a driving function for continuous LERW in D* from to z*. The argument is not 

rigorous because B^\t) is not a Brownian motion in the usual sense, and Ito's formula does not 
directly apply to time intervals of the form (— oo,T). We have a way to solve these problems, 
which is to truncate the time-interval. 

We will use the filtration Tt, t G M, in Section [3T2l Suppose that a is a finite (J"t)-stopping 
time such that a < T always holds. Let J^f = J-a+t, <t < 00. Then we have a new filtration 
(J7)f>o. Let Ta = T - a > 0. Then T„ is an )-stopping time. Let Ba{t) = {B^\a + t) - 
< t < 00. Then Ba{t) is an (J"f)-Brownian motion. Let Ca{t) = C(a + t)- ^(a) 
and Xa{t) = X{a + t). Then (^a) and (Xa) are both (J"")-adapted, and ^a(t), < t < Ta, 
satisfies the )-adapted SDE: 

dUt) = V^dBait) + (3 - '^^Xa{t)dt. (3.14) 

Let Ua{t) = u{a + 1) — u{a), < t < Ta- Then Ua is continuous and increasing on [0,Ta), and 
Ua{0) = 0. Let Chit) =^*{b + t)-^*{b) for 6e (-00, T*) and t G [0,r* -6). Let 

Then {Wa,t) is also )-adapted. From ^M), and (f3T0]l we have 

Cia)Mt)) = WaAUt)). (3.15) 

<it) = KtiUt)?. (3.16) 

dtWaAUt)) = -3<t(ea(t)). (3.17) 
Now we apply Ito's formula to the (J-'f )-adapted SDE. From ()3.14p . ()3.15p . and p.l7p . we have 

<(a)K(i)) = K,t{Ut))V^dBa{t) + (3 - I) (w!,AUt))Xa{t)dt - KtiUt)))dt. 

From ()3.1ip we have 

dCia)iMt)) = KAUt))V^dBa{t) + K/Ut)f{^ - ^)x:(,)(n,(t))dt, (3.18) 
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where X^{t) = X*{b + t) for b £ (— oo,T*) and t G [0,T* — b). Now we apply some time- 
change. Recall that Ua is continuously increasing, and maps [0,Ta) onto [0,T* — u{a)). So its 
inverse map, say Va is defined on [0,T* — ■u(a)). We extend to be defined on [0, oo) such 
that if t > T* — u{a) then Va{t) = Ta- Since (ua) is (.Ff )-adapted, so for every t £ [0, oo), 
Va{t) is an )-stopping time. Let T^'^ = T!^ < t < oo. Then we have a new filtration 
(-F"'^)o<t<oo- From (13.16P and (j3.18p we see that there is a stopped (J^'^)-Brownian motion 
Ba,v{i), 0<t<T*- u{a), such that C(a)(*) satisfies the (J'°''')-adapted SDE: 

dCia)it) = V^dBaAt) + (3 - f < t < T* - n(a). (3.19) 

Using Proposition 13.11 we may define 

B*{t)=C(.t)- (3-^^ J X*{s)ds, -00 <t<T*. (3.20) 

From (|3.19p we have 

^/^Ba,vit) = B*{u{a) +t) - B*{u{a)), 0<t<T* -u{a). (3.21) 

From ([33]) and (l3TT]l we know that (e*(C*(ti(t)))) and {X*{u{t))) are both (J"i)-adapted. So 
(e*(i?*(n(t)))) is also (-Ff)-adapted. Especially, e*(i?*(t)), —00 < t < u(a), are Ja-measurable. 
Since Ta = = Tq''\ so from ([321]), Ba,v{t) = {B*{u{a) + t) - B*{u{a))) / ^Jl^, < t < 
T* — u{a), is a stopped Brownian motion independent of e^{B*{t)), —00 < t < u{a). 

Recall that in the above argument, we need that a is a finite ( J-f )-stopping time such that 
T > a always holds. Let R = dist(0,C \ {D* \ {z*,V{oo)})). From Theorem (ii), for any 
r G {0,R), there is t, < T such that Kt^ F-i(B(0;r)), so K*^^^) = V{Kt^) B(0;r). 
Thus, T* > u{tr) = cap(K*^^ ^ > ln(r/4). So T* > ln(i?/4). Fix any deterministic number 
b G (— 00, ln(i?/4)). Then T* > b always holds. Let a = u~^{b). Then a is a finite stopping 
time such that T > a always holds, and u{a) = 6 is a deterministic number. From the last 
paragraph, we then conclude that [B* {b+t) — B* {b)) / y/n, < t < T* — 6, is a stopped Brownian 
motion independent of e^{B*(t)), —00 < t < b. Since this holds for any deterministic number 
b G (— 00, ln(i?/4)), so we may extend B*{t) to be defined on M such that (e*(i?*(t))) has the 
same distribution as {e\B'^' {t))). This means that there is an integer valued random variable 
n such that {B*{t) — 2n7r) has the same distribution as {B'^\t)). Since ^*(t) and ^*(t) — 2n7r 
generate the same whole-plane Loewner objects, so by replacing i*{t) by i*{t) — 2n7r, we may 
assume that {B*(t)) has the same distribution as {B''^\t)). From (|3:20]) . C{t) solves 

^*(t) = B*{t) + (3- j X*{s)ds, -00 <t<T*. (3.22) 

So we can conclude that = y(i^„(()), —00 < t < T*, is a stopped LERW process in D* from 
to z*. To finish the proof, we need to show that (— oo,r*) is a.s. the maximal interval of the 
solution to (I3.22P for the extended function B*{t), which is now defined on M. 
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Assume that {—oo,T*) is not the maximal interval of the solution. So we have K^t, which 
is an interior hull in D* \ {oo,z*} that contains for all t £ (— oo,T*). Since k < 4, so 
a.s. V{oo) K^t. Excluding a null event, we may assume that K^, C D* \ {oo , V (oo) , z*} . 
We can find a Jordan curve a* in C such that K^, C H{a*) C D* \ {oo, y(oo), z*}. So 
V{Kt) = C H{a*) for -oo <t <T. Let cj = V-'^{a*). Then a is a Jordan curve in C, 

and H{a) = V-^{H{a*)) C D\ {V~^oo,oo, Ze}. We have Kt C H{a) for -oo < t < T, which 
contradicts Theorem 13.21 (ii). So (— oo,T*) is a.s. the maximal interval of the solution, and the 
proof is finished. □ 

Remark. The ideas behind (|3.8|) . (|3.9p . and (|3.1U|) first appeared in [2], which were used 
there to show that SLEg satisfies locality property. From the above proof we see that for any 
K S (0,4], the above theorem still holds if £,{t) is the solution to (j3.4p with f{t) = B^\t) 
and A = 3 — -1. IfK>4, the statement should be modified. We can conclude that after a 
time-change, {V{Kt), —cc < t < S) has the same distribution as (iCf,— oo < t < S*), where 
S E (— oo,T] is the biggest number such that Kt <Z D \ {V~^{oo)} for t € (— oo,5), and 
S* £ (-oo,T*] is the biggest number such that C D* \ {^(oo)} for t e (-00,5"*). 



3.4 Local martingales 

Let D be a finitely connected domain, £ D, and Ze G L'\{0}. Let p = Rj{ze) and = Rj{D). 
For ^ G C((— oo,r)), let Lj (resp. L^) and Vt (resp. ^f) be the inverted whole-plane (resp. 
covering whole-plane) Loewner hulls and maps driven by ^. Suppose IJ^^j, Lj C ^2 \ {p}. For 
each t G (— oo,T) and x G M, let P^{t,x,-) be the generalized Poisson kernel in ft^ with the 
pole at e*^, normalized by P^{t, x, V't (p)) = and let P^{t, x, •) = P^{t, x, •) o e\ It is standard 
to check that both P^ and P^ are C^'^''^ differentiable, where "/i" means harmonic. 

Lemma 3.1 For any t G (— oo,T) and z £ i} \ l\, we have Vt{z) = 0, where 

Vt{z) = diPHt, m,i^H^)) + 2d2PHt, ^(t), v^«(z))4 + diPHt, m.^K^)) 
+2 Re(a3,.p«(t, m.i^Kz)) cot2(v^|(z) - m))- 

Here di and 82 are partial derivatives w.r.t. the first two (real) variables, and d^^z = {d'i,x ~ 
id^^y)/2 is the partial derivative w.r.t. the third (complex) variable. 

Proof. For simplicity, we assume that dVl is smooth, so every boundary point of Vl or 
corresponds to a prime end. In the general case, we have to work on the conformal closure of 
O. For any t G (— oo,T) and z £Q, \ L^, let 

vt{z) = diPHt,m,4i^)) + 2d2P^{t,m,4{z))xi+dip^{t,mA{^)) 

+ 2 Re (d,,zPHt, mAi^Mi^) g ) • (3-23) 
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It is easy to check that Vj o e* = Vj. For t G (—00, T), x G M and z G dQ, since ipti^) ^ \ T, 
so P^{t,x,ipf{z)) = 0, which imphes that c?2-P^ = (^l-f^ = at (t, x, i/'f (-z)), and 



Thus, vanishes on dQ for t G [0,T). 

Let^Wt = o (V'f and VV^ = Wt o e*. Then >Vt vanishes on \ T for t G (-00, T), and 
= Vt o Thus, for t G (-00, T) and w G 17^, 



Since ^(t), Ojvanishes on M \ {^(t) + 2n7r : n G Z}, and cot2(tf - ^(t)) is real on M\{^(t) + 
2mT : n G Z}, so Wt vanishes on M \ {(,{t) + 2mT : n G Z}, which imphes that Wt vanishes on 
T \ {e*«(*)}^ So Wt vanishes on dCl^ \ {e*«W}. 

Since P^{t,x,-) has period 27r, and has simple poles at x + 2mr, n G Z, so there are 
c{t,x) G M and some analytic function F{t,x, •) defined in some neighborhood of M such that 
in that neighborhood, P^{t, x, w) = lm.{F{t, x, w) + c{t, x) cot2(w — x)). Then we have 



■t, X, 4 (z)) + 2 Re ( 93,.^'«(t, m,4i^Miz)- 




) 



= 



WtH = aiP«(t,c(t),«;) + 252P«(t,c(t),^«)4 

+ dlP^t, m,w) + 2 Re{ds,,PHt, at),w) cot2(^i; - m))- 



(3.24) 



diP^it, m,w) = im{diFit, m,w) + dicit, m) cot2{w - am- 




dip^it, m.w) = Im {diF{t, + dic{t, at)) cot2(u; - 

202c(t,e(t)) c{t,m)cos2iw-m) \ 




From (j3.24p and the above formulas, Wt{w) equals the imaginary part of 



diF{t, m,w) + dic{t, m) cot2{w - ^t)) 



+2 {d2F{t, m,w) + d2c{t, m) cotaiu' - m) + 



c{t,m) 




+diF{t,m,w)+di 



C{t,at))c0t2{w-C{t)) + 



2sin2 (w-^t))^ 
, d2c{t,m) 



sins (w - 
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2sm2{w-mf ^ ''^^^ 2sin2(u;-e(t))' 

= G,{w) + ^i(t) cot2(t. - m) + ■ ,^'^^L.^^2 

sm2 [w - 

for some function Gt, which is analytic near M, and real valued functions Ai{t) and A2{t), where 

A2{t) = c{t,m)xf +d2c{t,m)- 

Since jf = G{Qf,ipf{p);-), so for x G M, 9njf(e*^) equals the value at ^Piip) of the 
(usual) Poisson kernel in with the pole at e*^. Comparing the residues of dnJi{e^^) and 
P^{t,x,ip\{p)) at e*^, we conclude that 

9„ J«(e-)/(-l/vr) = P€(t, X, (p))/(2c(t, x)) = l/(2c(t, x)). 

It is clear that 9njf(e*^) = dyJ^{x). Thus, c{t,x)dyJ^{x) = — l/(27r) for any x e M. Differen- 
tiating this equality w.r.t. x, we get 

= c{t,m)d,dyjHm)+d2c{t,m)dyjHm) = A2{t)dyjim)- 

Thus, A2{t) vanishes. So VVtiw) equals the imaginary part of some analytic function plus 
Ai{t) cot2(tL' — iit)) near M. Hence, Wj(tf) equals the imaginary part of some analytic function 
plus —iAi{t) gi;(f)^^ near T. Since Wt is harmonic in fi^, and vanishes at every prime end of 
^\ other than e^^W, so Wt = C{t)P^{t,S,{t), •) for some C{t) £ R. Since P^{t,x,ipf{p)) = 1 for 
any t G (— oo,T) and x G M, so from (j3.23p . we have Vt{p) = 0. Thus, Wtiiptip)) = 0. So for 
t G (— oo, T), we have C{t) = 0, which implies that Wj vanishes on Q^, and so Vt = Wt otp^oe^ 
vanishes on \ L^. □ 

Theorem 3.4 Let /3(t), -oo <t <T, be an LERW{D;0 z^) curve. For each t G (-oo,T), 
let Pt he the generalized Poisson kernel in D\ oo,t]) with the pole at /3{t), normalized by 
Pt{Z(,) = 1. Then for any z £ D \ {0}, {Pt{z)) is a continuous local martingale. 

Proof. We may assume that the driving function £,{t), — oo < t < T, is the maximal solution 
to ([331) with f{t) = B^\t) and A = 2. Then Ut<T C n\ {p}. Let be defined as at the 
beginning of this subsection. Then PtoRjoe'^{z) = ^(t), ^^(z)). Let (J^t) be the filtration 
generated by {e'{B^\t))). Then (e^(C(t))), (tp^), (J^f) and are ah (J"t)-adapted. Let 

R = dist(0;5L' U {zg}). Fix a constant a G (— oo, ln(i?/4)). Then a is always less than T. Let 
Ta = T-a and ^t) = ({a + t)-^{a) for < t < T„. Let Ba{t) = {B^\a + t)- B^^\a))/V2 for 
t > 0. Then Ba{t) is an (Ja+t)t>o-Brownian motion, and ^ait) satisfies the (Ja+t)t>o-adapted 
SDE: 

dUt) = V2dBa{t) + 2Xf+,dt, < t < r„. (3.25) 

For each t G [0, Ta) and x G M, let Q{t, x, •) be the generalized Poisson kernel in M~^^^-^ i^a+t) 
with the pole at e^^/e*^'^"^ normalized by Q(t, x, '(/'i+t(p)/e*^''"^) = 1, and let Q{t,x,-) = 
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Q{t,x,-)oe\ It is clear that Q(t,x,z) = P^{a + t,x + ^{a), z + C{a)) for < t < T^, x G M and 
z G A~i^(a){^a+t)- Since e*^^") is 7a-measurable, and 0^^^ is 7a+t-measurable, so (Q(t, •,•)) is 
(-7^a+t)t>o-adapted, and so is •, •)). 

For <t <Ta and z G Q.\lI_^_^, let 9^(2;) = V'i+iC^:) - ■^(a)- Then (gt) is (J"a+t)t>o-adapted, 
and satisfies dtgt{z) = cot2(gt{z) — Cait))- From Lemma |3. 11 we have that 

diQ{t, Ut),9t{z)) + 252Q(t, Ut),9t{z))xUt + dlQ{t, Ut),9t{z)) 
+2Re{d3,,Q{t,Ut)Mz))cot2{gt{z)-Ut))) = 0. 

Since Pa+t ° Rt ° e*(z) = Q{t,(,ait),gt{z)), so from Ito's formula, the above formula and that 
dtgt{z) = coi2(gt{z) — iait))-, we conclude that for any z G O, {Pa+t ° Rt ° e*(z),0 < t < Ta) 
is a continuous local martingale. Since Ry o e* maps O onto D \ {0}, so for any z £ D \ {0}, 
{Pt(z),a < t < T) is a continuous local martingale. Since this holds for any a G (—00, ln(i2/4)), 
so the proof is completed. □ 

Remark. The similar local martingales first appear in [5], which was used to prove the con- 
vergence of LERW to radial SLE2. For the process in the case (k, A) 7^ (2, 2), so far we do not 
know any local martingale generated by harmonic functions. 

3.5 Other kinds of targets 

Suppose D is a finitely connected domain that contains 0, and le is a side arc of D. Then 
Rf{Ie) is a side arc of = Rj{D). Now we change the definition of in (13. ip by replacing 
G(il \ l\,p\-) by H{Q. \ L^, Rj{Ie); ■), which is the harmonic measure of Rj{Ie) in \ L^, 
and still let jf = jf o e* and xf = {dxdy/dy)Jf{^{t)). Let everything else in Section [3^2] be 
unchanged. Then Theorem 13.21 still holds. For the new meaning of X^, let C G C((-oo,r)) 
be the maximal solution to (|3.4p with / = and A = 2. Let K^, — 00 < t < T, be the 
whole-plane Loewner hulls driven by ^. Then we call the interior Loewner chain K^, < t < T, 
a continuous interior LERW in D from to /g. Let it be denoted by LERW(-D; — >• Ig). Such 
Loewner chain is almost surely generated by a random simple curve started from 0, which is 
called an LERW(L';0 — )• le) curve. Through conformal maps, we can then define continuous 
LERW from any interior point to a side arc. Then we can prove that this kind of continuous 
LERW is conformally invariant up to a time-change. 

Let l3{t), 0<t<T, denote an LERW(L>;0 ^ Q curve. For each t G [0,r), let Pt be the 
generalized Poisson kernel in D\f3{[0, t]) with the pole at /3(t), normalized by fj dnPt{z)ds{z) = 
1, where n is the inward unit normal vector, and ds is the measure of length. Then for any 
fixed z £ D, {Pt{z)) is a continuous local martingale. 

Remark After a time-change, a continuous LERW(D; — t- T) has the same distribution as a 
standard disc SLE2 defined in [14j. 

Now let We be a prime ends of D. Then Rj^We) is a prime end of 0,. Choose h that 
maps a neighborhood U of Rj{we) in conformally onto a neighborhood F of in IHI such 
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that h{Rj{we)) = and h{U D dO,) C M. Here 0, and dO, are the conformal closure and 
conformal boundary, respectively, of 17 as defined in [T2]. Change the definition of jf by 
replacing G{Q \ L^,p; •) by P{^1 \ l\, Rj{we), h; •) in (j3.ip . where we use P{Q \ l\, Rj{we), h; •) 
to denote the generalized Poisson kernel P in Q \ Lf with the pole at Rj{'We), normalized 
by P o h-^{z) = -Im(l/z) + 0(1), as z ^ in H. We stih let = o e* and = 
{dxdy / dy) {^{t)) . For the new meaning of , let ^ G C((— oo, T)) be the maximal solution to 
()3.4p with / = and A = 2. Let — oo < t < T, be the whole-plane Loewner hulls driven 
by ^. Then we call the interior Loewner chain < t < T, a. continuous interior LERW in 
D from to Wg- Let it be denoted by LERW(D; — )• We). Such Loewner chain is almost surely 
generated by a random simple curve started from 0, which is called an LERW(L';0 — )• We) 
curve. Through conformal maps, we can then define continuous LERW from any interior point 
to a prime end. Then we can prove that this kind of continuous LERW is conformally invariant 
up to a time-change. 

Let /3(t), < t < T, denote an LERW(D; — )• We) curve. Fix h that maps a neighborhood 
U of We in D conformally into H such that h{we) = and h{U D dD) C M. For each t £ [0,T), 
let Pt be the generalized Poisson kernel in D \ /3([0,t]) with the pole at /3(t), normalized by 
dy{Pt o /i~^)(0) = 1. Then for any fixed z £ D, {Pt{z)) is a continuous local martingale. 

4 Existence and Uniqueness 
4.1 The radial equation 

In this subsection, we will prove Theorem 13.11 We will use the notation in Section 13. 1^ and 
use cot2(^;), sin2(2;), coth2(z), sinh2(2;) and cosh2(2;) to denote the functions cot(2;/2), sin(z/2), 
coth(z/2), sinh(z/2) and cosh(z/2), respectively. 

Lemma 4.1 Let ^ G C([0,T)). Suppose a G [0,T) and H > satisfy cosh2(-H') > e''/^. Then 
for any z G C with Imz > H, i^aiz) is meaningful, and cosh2(Im > cosh2(-?/)/e"/'^. 

Proof. Let /i > be the solution of cosh2(/i) = cosh2(/?)/e"/^. Suppose z G C and Imz > H. 
Let h G (0, a] be the maximal number such that ipt{z) exists for t G [0,6). Let h{t) = Im^j(z) 
for t G [0,6). From (|2.4p we see that there is some real valued function 6(t) such that 

h'(t) = Imcot2(V|(-z) - CW) = Imcot2(6'(t) + i/i(t)) > - coth2(/i(t)), 

which implies that tanh2(/i(t))/i'(t)/2 > -1/2. So for t G [0,6), 

lncosh2(/i(t)) — lncosh2(Imz) = lncosh2(/i(t)) — lncosh2(/i(0)) > —t/2. 

Thus, cosh2{h{t))^> cosh2(Imz)/e*/2 > cosh2(-H')/e"/2 = cosh2(/i), and so h{t) > /i for t G [0,6). 
Since h > 0, so il^i{z) does not blow up at 6. Thus, b = a, and lm.ipa{z) = limf_^„- h{t) > h. 
So we have cosh2(Im-(/'i(z)) > cosh2(//)/e"/^. □ 
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Lemma 4.2 Let a,h > be such that cosh2(/i) > e'^/^. There is C > such that, for any 
r/, ,^ G C{[0, a]), b G [0, a], and z G {Im z > h}, il)^ o {^\)~^{z) is meaningful, and 

k-^^(V^D"H^)l<C||r?-e||o> (4.1) 



Proof. Suppose rj,^ G C([0,o]), b G [0,a], and Imz > h. Since Im?/;|(tt;) decreases in t, 
so lm(xlj^)~^ (z) > Imz > h. From Lemma 14.11 we see that for < t < b, ifj^ o {ipl)~^{z) 

and V't' o {'^b)~^(^) meaningful, and cosh^ilmip^ o (?/;^)~^(2;)), cosh2(Im'i/'t o {'4'l)~^{z)) 
cosh2(/i)/e'^, which impUes that 



> 



sinh^(ImV'I' o{^pl)-^{z)), sinh^(ImV'f o {^l)-^{z)) > cosh^(/i)/e" - 1. 
Since |cot2(-z)| = ^|sin^^(2;)| < ^ sinh^^(Im z), so if Im zi , Im 2:2 > H > 0, then 

I cot2(zi) - cot2(z2)| < ^sinh~^(iJ)|zi - Z2|. 



Let 
From (HI 



9{t) = \4o{4)-\z)-i;^o{4)-\z)\, 
T2]) . and (|4.3p . we see that for any <t < b, 



0<t<b. 



g{t) < I cot2(vi ° i4rHz) - m) - cot2(v? o (V'f)-'(^) - ^?(^)) 



dt 



(4.2) 



(4.3) 



where 



< 



Ciigis) + \C{s) - v{s)\)dt < Ci / {g{s) + U - v\\o,b)ds, 

1/2 



Ci 



coshl{h)/e'' - 1 



> 0. 



Let C = e"<^i - 1. Solving (g^]), we get 

k - ii^lrHz)\ = g{b) < {e'^' - i)h - eiio,6 < - eiio> 



□ 



(4.4) 



Lemma 4.3 There are aQ,C > such that, for any t G [0,ao], and C^V ^ ^"([0, t]), we have 
114 C n \ {p}, and \X'l - 4| < - Cllo.t. 

Proof. There is H > Q such that 'E>h C S7 \ p . Choose ao > such that < cosh2(-ff). 
Let /i > be such that cosh2(/i) = cosh2(i?)/e°o/2. Then cosh2(/i)^/e"o > 1. Fix t £ [0,ao]. 
Suppose C^V ^ C{[0,t]). From Lemma l4.ll for any z G C with Imz > H, ipii^) 'ifti^) ^re 
meaning ful, andImV'h-2)>ImV'I'(-z) > /i- Thus, C§h cn\p, and S/, C J^^^ \pf , 0^' Vp^'. 

So we have , Lj' C $7 \ {p}. 
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Choose ho > /io.5 > /ii > /12 £ (0, h) such that cosh2(/i2) > e""/^. Let Co > be the C given 
by Lemma 14.21 with a = and h = h2. Let C* > 1 be the number depending only on h and 
ho such that, if / is positive and harmonic in S/^, and has period 27r, then for any xi,X2 G M/^p, 
/(xi) < C,/(X2). Let 

Suppose first that ||?7 — C\\o,t < Let m = inf{ J^^(z) : z G ^ho}, M = sup{J^{z) : z G M/jg}, 
and = sup{|V Jj^(2:)| : z G S/iosI- Since S/^ C fi^ \ , so is positive and harmonic in 
S/i, and vanishes on M. After a reflection about M, J^^ is harmonic in {| lmz\ < h}, and \J^\ 



is bounded by M on {|Imz| < Hq}. Moreover, has period 27r. Thus, M < C^m. From 
Harnack's inequality, we have 

Dy < 2M/{ho - /10.5), (4.6) 

and for any G M, 

dyJ^{x) > m/ho, \d^dyJ^{x)\ < 4M/hl, \dldyJ^{x)\ < UM/hl. (4.7) 

For j = 1,2, let pj = (tp^)~^{Rhj)- Then pi and p2 lie in XpX L^, and p2 disconnects 
pi from L^. Since cosh2(/i2) > e""/^ and t G [0,ao], so from Lemma 14.21 for any 2; G C with 
Imz > /i2, "0* ° ('0l')~^(-2) is meaningful, so pi and p2 lie in H \ L^, and /O2 disconnects pi from 
L^. Thus, pi and p2 lie in f2\p\(Lj UL^), and p2 disconnects pi from L^UL^. For ^ G C([0,t]), 
let G\ = G{n \ lIp; •) and Cf = Cf o e\ Then = G\ o (V^f )-^ For j = 1, 2, define 

TV, = sup {\J^{z) - J^,{z)\} = sup {|G? o (V;i')-i(z) - Gi o (^[)-i(z)|}; (4.8) 

iVj= sup {|G?(u;)-GKu;)|}= sup {|G^ (^?)-^(.) - G,^ o (v;!')-^^)!}. (4.9) 

Note that Jj'' — is harmonic in S/^, and vanishes on M, since both and J^^ satisfy these 
properties. Since the probability that a plane Brownian motion started from a point on M/jj 
visits Mft,^ before M is /i2/^i, so 

iV2 < {h2/hi)Ni. (4.10) 

Since every z G p is a removable singularity of Gj — G^, so after an extension, G^ — G^ is 
harmonic in \ {l\ U Lj). Since pi and y02 he in \ (L^ U L)'), and p2 disconnects pi from 
L'i U L^, so from the maximum principle, we have 

N[ < N'2. (4.11) 

Fix j G {1,2} and zq G M/i^.. Since Imzo > /12, cosh2(/i2) > e"°/^, and t G [0,ao], so from 
Lemma W?2\ the choice of Co, (|4.5p . and that ||?7 — C||o,t < we have 

|zo - V^f o (^?)-^(zo)| < Collr? - C||o,t < Co5 < /io.5 - /ii- (4.12) 
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Thus, lm'(/'^o('0j') -"^(zq) < Im zq+^o. 5 — ^1 < ^0.5- On the other hand, since '(/'fo('0l') ^(-^o) G 
so Im^j o (^;')-i(zo) > 0. Thus, [zcV't « (^/'I')"H2o)] C S/^^.s- So from gj]) and gl2]), 

< sup {|Vj;^(z)|} • \z, - o (^?)-i(zo)| < D^Coh - Cl|o,t < (4.13) 

Let 



,_ 2MCo||,-C||o, ^ (4.14) 
^0 — ^0.5 

Then from (gSD, gJD, (ITOD . and (imi) . we have 

|iVj-iV,|< sup{|Gio(^f)-i(z)-G^o(^^)-i(z)|}< A, j = l,2. (4.15) 



From (f4T0]l . (f4TT]l . and (l4T5]) . we have 

TVi < iV( + A < iV^ + A < iV2 + 2A < (/i2//ii)iVi + 2A. 

Thus, 

iVi < 2/iiA/(/ii - /i2). (4.16) 
From Harnack's inequality, for any x G M, 

\dyJ];{x) - dyJ^^{x)\ < iVi//ii < 2A/(/ii - /i2); (4.17) 

\d^dyJ'^{x) - d^dyJ^{x)\ < mi/hl < 8A/(/ii(/ii - h2)). (4.18) 

From g3]), gZI, (mH), dHZI, M < C*m, and that ||7? - C||o,t < ^, for any x € M, 

m 2A m 4MCo(^ m 

From (I4.18P and (j4.19p . we have 

|9.5,J^'(r?(t))/d,4'(,7(t)) - 9.9,j;^(r?(t))/a,j;^(7?(t))| < ^^^^|)^^^°^ . (4.20) 
From g2D, (1^71) and we have 



\d,dy4m)Mm) - d.dyjHv{t))/dyjHvm < . . (4.21) 

m^[ni — 112) 

From (|4.7p and that M < C^m, for any x G M, 

\d,id,dy/dy)jHx)\ < \idldy/dy)jHx)\ + \ (d.dy / dy) JHx)\' 
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< {l2M/hl)/{m/ho) + {AM/hlf/{m/hQf < 28C^Jhl 

Thus, 

\{d:,dy/dy)jHv{t)) - {d,dy/dy)jHCm < 28C^ / hl\\v " C||o,*. (4.22) 

From (jHH), g2n])-(jl22]), and that M < C^m, we get jX^' - X'l\ < C\\r] - C\\o,t, where 

^ ^ 32C.Coho/h ^ 32ClCo ^ 28Cl ^ ^ 

(ho - ho,5){hi - h2) (ho - ho,5){hi - h2) 

In the above argument, we assumed that \\r] — C\\o,t < <5- In the general case, we can find 
n G N such that \\r] - C\\o,t/n < 6. Let (k = C + k{r] - () /n, < k < n. Then 

n n 
k=l k=l 

Proof of Theorem 13.11 (i) Let ao, C > be given by Lemma HTSl Use the method of Picard 
iteration to define a sequence of functions (Cnit)) in C([0, ao]) such that S,o{t) = f{t), < t < ao, 
and for n G N, 

Ut) = fit) + X I Xl-'ds, < t < ao. (4.23) 

^0 

Then for a G [0, ao], if < t < a, then 

\Cn+l{t) - Ut)\ < |A| r - Xl-^\ds < C\Xmn - Cn-l\\0,a. 

Jo 

Thus, ll^n+i - Cn||o,a < C'|A|a||^n " S,n-i\\o,a- Choose a £ (0,ao) such that C\X\a < 1/2. Then 
(^n) is a Cauchy sequence w.r.t. || • ||o,a- Let ^ G C([0,a]) be the hmit of this sequence. Let 
n ^ oo in (14231) . then ^ solves ([32]) for < t < a. 

(ii) Suppose for j = 1,2, solves (|3.2p for < t < Tj for some > 0. Choose S G 
(0,ri A Ts A ao) such that C|A|5 < 1/2. Then 

116 - 6l|o,5 < C\X\SUi - 6110,5 < 116 - 6l|o,5/2, 
which implies ||6 - 6l|o,5 = 0. Thus, 6(0 = 6(0 for < t < 5. □ 

4.2 The whole-plane equation 

In this section, we will prove Proposition 13. II and Theorem 13.21 We use the notation in Section 
13.21 Let R = dist(0, SL* U {^e}) > throughout this subsection. 

Lemma 4.4 Suppose t < ln{R) — ln(l + C-^)- Let h = ln(i2/e* — C-^) > 0. Then for any 
C G C((-oo,t]), we have xf C D \ {ze} and 8h C Jlf \pf . 
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Proof. Suppose ^ G C((-oo,t]). From (|2J0D . if 1 < |z| < e'', then - e*z| < C^e*, 

and so < e\\z\ + Cn) < R- Thus, < \z\ < e'^}) C {\z\ < R} C D\ {ze}, 

which imphes that {1 < \z\ < e^} C \ \ {zg}), and so Sh C il^ \pf. Since is 

surrounded by < |z| < e''}), so xf C {jz] < i?} C -D \ {ze}. □ 

Lemma 4.5 There are non-increasing functions Si and S2 defined on (0, 00) with Sj{h) = 
0{he~^) as h ^ 00, j = 1,2, such that for any h > 0, if J{z) is positive and harmonic in Sh, 
vanishes on M, and has period 2tt, then for j = 1, 2, 

\{didy/dy)J{x)\ < Sj{h), for any xe^. (4.24) 



Proof. There is a positive measure /i on [0,27r) such that J[z) = J Sh{z — x)d^{x), for any 
z £Eh, where 

S,W:=Im(- + -P.V, E -^), (425) 

n£Z,2\n 

Such S/i is positive and harmonic on S/j, has period 27r, and vanishes on M U Mh \ {2rmT + hi : 
m G Z}. And 2m7r + /li is a simple pole of Sh for each m G Z. In fact, S/j o e* is a Poisson kernel 
in A/i with the pole at e~^. Let 

= snp{\{didy/dy)Sh{x)\ :xeR}, j = 1,2. 

Then for j = 1,2, Sj{h) G (0, 00), and |9^9yS/i(x)| < Sj{h)dyShix) for any x G M. Since 
J{z) = f Sh{z - x)dn{x), so \didyJ{x)\ < Sj{h)dyJ{x) for any x G M, which implies (g^l])- If 
/i' > h, applying (j4.24p to J = S/i', we find that Sj{h') < Sj{h). So Sj{h) is non-increasing. 
Now for X G M, i = 0,1,2, 

^^^.S,(x) = -—- + - RV. ^ 



So 



dz^+^\h i ' ' ^ e^^-e^ 

neZ,2\n 

5j;S/i(x) = - + 2^ ^„n?t _ f>ix\2 = r + 2^ i (pnh _ pix\2 + 



neZ,2\n ^ ' nm,2\n ^ ' ^ ' 



neN,2tn ^ ^ neN,2tn ^ ' n=l ^ ' 

|5.a,S,(x)| = I 5] .„/_^..)3 < E (en/.-n3 <E (en._n3 ; (4-27) 

nGZ,2tn ^ neN,2tn ^ n=l ^ ' 

1 , , _A nh ixl 2nh X A nh ix X i2x\. °° nA Snh 



neZ,2|n ^ 



^ (e"'* - 1)^ 

n=l ^ ' 
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Thus, l/dySh{x) = 0{h) and dxdySh{x) = 0{e ^) for j = 1, 2, as /i — >• oo, uniformly in x G M. 
So for J = 1, 2, we have Sj{h) = 0{he'~^) as /i — oo. □ 

For t < ln{R), let 

Eo{t) = e*-i°(^), Ei{t) = (ln(i?) - t)e*-i°(^), E2{t) = Eo{t) + Ei{t). (4.29) 

Then limt_,_oo ^^(t) = 0, j = 0, 1, 2; and Ej{s)ds = Ej+i{t), j = 0, 1. 

Lemma 4.6 There are absolute constants M,C > such that, if t < ln(i?) — M then for any 
C G C((-oo,t]), CD\ {ze} and \X^\ < C^i(t). 

Proof. Since Si{x) = 0{xe^^) as x ^ oo, so there are /lOjCo > such that, \i x > Kq then 
< Co2;e-^. Let M = ln(2C-H + e'"'). Suppose t < ln{R) - M and ^ E C{{-oo,t]). Let 
/i = ln(i?/e* - Cn)- Then /i > /iq and ln{R) - t > h > \n{R/2) - t. Let C = 2Cq. Then 
Si{h) < Cohe-^ ^ CEi{t). From LemmaEai we have C D\ {ze] and S/, C ilf \pf. Since 
= {dxdy/dy)jf{^{t)), and J^^ is positive and harmonic in Vpf, vanishes on M, and has 
period 2tt, so from Lemma 14.51 we have < < CEi{t). □ 

Proof of Proposition 13.11 It is easy to check that xf is continuous in t. So from the above 
lemma, the improper integral converges. □ 

Lemma 4.7 Suppose G C((— oo,t]), z G C \ L^, and s S (— oo,t]. Then 

e" sinh| (Im V^f (z) ) > e* sinh| (Im V^f (z) ) ; (4.30) 

exp(Imz)/4 > e*sinh2(ImV^f(z)). (4.31) 

Proof. Let h{r) = lmijjr{z) for r G (— oo,t]. From (12.16p . there is a real valued function 6 on 
(— oo,t] such that for r G (— oo,t], 

/i'(r) = Imcot2(V'r(-2^) ~ '^(^)) = Imcot2(^(r) + i/i(r)) < — tanh2(/i(r)), 
which implies that coth2(ft.(r))/i'(r) < —1. So we have 

21nsinh2(/i(t)) - 2 In sinh2(/i(s)) = / coth2(/i(r))/i'(r)dr < -{t - s). 

J s 

This immediately implies (|4.30|) . Now let t be fixed and let s — >• — oo. Since tl^tiz) — (z — is) — )• 0, 
so sinh2(Im^/)f (z)) — t- exp(Im2;)/4, which implies (I4.3ip . □ 

Lemma 4.8 Let /12 > /13 > 0, s < t, and C,?? G C((— oo,t]). Let 
2smh2(/i3) smh2(/i2j 
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Assume that 

Ao < 1, Ao < /i2 - /i3- (4.33) 
Then for any z £ C with Imz > h2, 'ift ° {4't )~^i^) meaningful, and 

iv^?o(v;[ri(z)-zi<Ao. 

Proof. Fix z G C with Imz > /12. From (j4.3ip . we have 

exp(Im(V^^)~^(z)) > 4e*sinh|(/i2). 
Then we have (1 + C^)e* exp(- Im(^/^[)-i(z)) < Aq/2 < 1/2. Thus, from (fZTQl) . 

IV^^ o {i^i)-\z) - {{i^i)-\z) - is)\ < 4(1 + C7w)e^exp(-Im(V^^)-i(z)) < A^/2. 

Similarly, iV^f o (V^[)-i(z) - ((V^^)-^^) - is)| < Aq/2. Thus, 

IV^^ o (V^^)~i(z) - o (V?^)-i(z)| < ^0. (4.34) 

Note that ^0 < Aq < /12 — ^3- Let to be the maximal number in (s,t] such that, for r G [s,to)) 
-f/;^ o (i/>^)~^(z) is meaningful, and 

g{r) := 1^? o (V^^)-i(z) - o (V^^)-^(z)| < /i2 - /is. 

From (|4.34p . (7(5) < Aq. Since \m.iljr{w) decreases in r, so for r <t, 

Imijj^ o (V|)~^(z) > Im^f o (V^[)-^(z) = Imz > /i2. 

Thus, for r S [s, to), 

Imi^lt o (V^f)-i(z) > ImV^^ o {ipi)-\z) - {h2 - h;) > h;. 

So ipr o i'4^t)~^i^) does not blow up at r = tQ, and Im^/;^^ o (^^)~-^(z) > /13. From ()4.30p . for 
r G [s,to] and ^ = C or t], 

sinh|(Im^^ o (V^f)~i(z)) > e*""'' sinh|(Im V^f^ o (V^f)-^(z)) > e*""*^ sinh^(/i3). 

Thus, for any r G [s,to] and tt; G [ipr ° {'4't )^^i^) ~ C{f)ii^r ° {'4't )~^i^) ~ ^('")]; have 
sinh2(Imw) > e*""*" sinh2(/i3). Since | cot2(iL')| < ^ sinh2 ^(Imi(;) for G H, so for r G [s,to]) 



^ g(r) + |?7(r) - C(r)| 
~ 2e*"-'"sinh2(/i3)2 



cot2(^? o {4)-Hz) - n{r)) - cot2(V.^ o (4)-^(z) - C(r)) 
From (|2.16p and the above formula, for r G [s,to\, 

'^'^ ^ '^'^ + r '£i-ii^i2"(/i^3y' ^ + r + - ^ii-*)^"- 
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Solving this inequality, we get 

9{to) < Aoe^o(i-^-'°) + h - Clk*(e'^"(^-^^"°) - I) < Ao < h, - h,. 
From the choice of to, we have to = t, and so o [tp^)~^[z) is meaningful, and 

\rt o i^^rHz) -z\ = \rt o {^ir^z) - ¥t o {i^^r\z)\ = git) < ao. □ 

Suppose / is positive and harmonic in {a — H < Im z < a + H} for some a G M and H > 0, 
and has period 2tt. From Harnack's inequality, there is C* > depending only on H such that 

sup{/(z) ■.zeRa}<C, mf{f{z) : z G R^}- (4.35) 

Let Si{h) and S2{h) be given by Lemma [4.51 Let Ss{h) = S2{h) + Si{h)^. Then Ss{h) is 
non- increasing, and Ss{h) = 0{he^^) as /i — oo. 

Lemma 4.9 Let s < t e M and (,11 ^ C{i-oo,t]). Let h > and H € (0,/i/8]. Let hx = 
h-{l + X)H for A = 0, 0.5, 1, 2, 3. Let C* be given by (^T^jp. Let Cq, Aq, Aq be given by (^75^. 
Suppose Lj C \ {p}, Sh C ^ij \pl , and 

Ao < 1, Ao < H^/{16C^ho). (4.36) 

Then L^ C ^ \ {p}, and 

- I < 192C^,Ao/H^ + SsihMt) - C(t)|. (4.37) 



Proof. This lemma is similar to Lemma 14.31 The difference is that this lemma is about the 
whole-plane Loewner objects, while Lemma 14.31 is about the radial Loewner objects. Recall 
that = {dxdy/dy)J^{C{t)), is positive and harmonic in and vanishes on M. Since 

S/i C r2^\p^, so after a reflection, is harmonic in {| Imz| < h}. Let m = inf{J^^(2;) : z E M/ip}, 
M = sup{J^^(z) : z G Mho), and Dy = sup{|VJj' (z)| : z G S/io.s}- Since {ho - H < Imz < 
ho + IL} C E>h, and has period 27r, so from ()4.35p . M < C^,m. From Harnack's inequality, 
we find that (jMI) and (0771) also hold here. So we have Dy < AM/H. 

From (j4.36p . we have Ao < H = h2 — h^. So (|4.33p holds. From Lemma we see that 
for any z G C with Imz > /i2, both il^^ o (^^)~-'^(z) and ° {i^t)~^{^) are meaningful, and 

° i¥ty\z) - z\ < Ao. Fix w £ C\{p\p). Let z = (V't )(u^) G H \ {Q^^ \ pl). Since 
Pl, so lm.z > h > /i2. Thus, \'4''t{w) - z\ < Ao, which implies that ImV'I'(w) > 
Imz — Ao > h — H = ho- Since this holds for any w G C \ (il \ p), so Lj C \ {p} and 
S/i(j C ilj \ p^. On the other hand, since ho < h, so Sho C S/i C il^ \ p^. Thus, and J^'' are 
both harmonic in Sh^. 

For j = 1,2, let /?j = {ip^ )^^{Rfij)- Then /)i and p2 lie in Q,\L^, and p2 disconnects pi from 
. Since for any z G C with Imz > /12, o (^/^^)~^(2:) is meaningful, so pi and p2 lie in C\L^, 
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and p2 disconnects pi from L^. Thus, pi and p2 lie in \ {l\ U L^), and p2 disconnects pi from 
L^UL^ For ^ G C7((-oo,t]), let G\ = G{n\L\,p--) and G\ = oe'. Then J^^ = G\o{4)-^. 
For j = 1,2, define A'j- and A'j by (|4.8p and (|4.9p . Then the same argument can be used to 
derive (liTOjl and (|ilT]) . 

Fix j S {1, 2} and zq G M/^^-. Since Imzo > so from Lemma \zq — ipt o {ip'^)~^{zo)\ < 
Aq. Thus, Imip'l o ('ip'^)~^(zo) < ImzQ + Aq < /ii + H/2 = /iq.s- On the other hand, we have 
■ipj o (iI;^)~^[zq) € H, so the line segment [zoiV't ° {'4't)~'^i^o)] lies in Shog. So 

\Gi o (v^f )-^(zo) - o {4;^rHzo)\ = \jHzo) -jU^o {4r\z,)\ 

< sup {|Vj;^(z)|} • \zo - 4 o {4)-\z^)\ < DyAo < AMAo/H. 

Let A = AMAo/H. From (gSD, (jM]), and the above formula, we find that ([iT5|) also holds 
here, which together with (jiJO]) and (fiTT]) implies (jiT6]) . Thus, (jiTTI) and (|i38]) both hold 
here. From (021), ([iTT]) . (g^S]), A = AMAq/H, M < C^m and hi - h2 = H, we find that, for 
any a; G M, 

m 2 A m 8MAq m 
dyJ^ (^) > 7^ - J^^^ > 7^ - -Hlh^^) ^ Wo' 

This is similar to (|i39]) . Then (fO0|) and ([OT]) both hold here. 

Using g2Q]), dMH), A = AMAo/H, M < C^m, hi - h2 = H and /iq < 2/ii, we get 

|5,5,4'(r?(t))/9,j;''(r/(t)) - d^dyJ^^ {rj{t)) / dyJ"^ {T^m < 128C,Aq/H\ (4.38) 

- d^dyJ^^m)/dyJ^^m)\ < UClAo/H\ (4.39) 
From Lemma 14.51 and the definition of S2,{h), for any x G M 

\d^{d^dy/dy)J^^{x)\ < \{dldy/dy)jHx)\ + \ {d^Oy / dy) J^x)]' < Ss{h). 

Thus, 

\{d^dy/dy)jH7^{t)) - {d^dy/dy)jHCm < Ss{hMt) - C{t)\. (4.40) 

Then (07D follows from (OHD - fOnj ). □ 

Lemma 4.10 For j = 0, 1, 2, Let Ej{t) he as in ^.29\ ). There are absolute constants M, C > 1 
such that the foUowings hold. 

(i) For any s <t< ln{R) - M, if Crj e C((-oo, t]) and \\r] - C||s,t < 1, then 

IX," - 4| < C{Eo{s) + Ei{t)\\v - C\\s,t)- (4.41) 

(ii) For any t < \n{R) - M and C,r/ G C((-oo,t]), 

\X^-X^\<CEi{t)\\r^-C\\t. (4.42) 
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Proof, (i) Let > be the C* in ([TSS]) with H = 1. Let 

Ci = max{20e3(l + Cn) exp(5/(2e^)), 2e^(exp(5/(2e^)) - 1)} > 1. (4.43) 

Let K>Ohe such that, \ih>K then h/e^ < l/(32CiC*). Let 

M = max{ln(e^ + 20e3C^), ln(C^ + e''*)} > L 

Suppose s <t < \u{R) - M, C,1] & C{{-oo,t]), and \\r] - C\\s,t < 1- Let h = ln(i?/e* - Cu)- 
It is straightforward to check that h > max{8, /i*, ln(i?/2) — t}, and ln(i?/2) — t > 1. Since 
M > ln(l + Cn), from LemmaSai we have K^, K'^ (Z D\ {ze} and S/, C 0^ \ p^, fl^ \pl. 

Let H = 1. Theni7 G (0,V8]. Let hx = h-{l + X)H for A = 0,0.5,1,2,3. Then ah hx > 4. 
It is easy to check that sinh|(x) > e^/5 if x > 4. Let Co, Aq, Aq be given by (j4.32p . Then 

2{l + Cy)e^ 2(1 + C^)e--* ^ 2(1 + C^)e--* onSn^r^wr^ (aaa\ 
- = e^-3/5 ^ e-^i?/(10e3) = + ^^^^^^^^^ (^"^^^ 

Since s < t < ln(i?) - M, so Eo{s) < e'^^ < l/{e^ + 20e'^Cn)- Thus, Aq < 1. Since 
Co < 5/(2e'^^), /i3 = /i-4 > 4, and > ln(i?/2) -t, so Co < 5/(2e'') and Cq < be'^Eoit). Thus, 

e^o<exp(5/(2e^)), ^''^ " 1 < • 5e^^o(t), (4.45) 

where the second inequality follows from that (e^ — l)/x is increasing on (0,oo). Then from 
(f02]l and g^SHOS]), we have 

Aq < Ci{Eo{s) + Eo{t)\\r, - C\\s,t). (4.46) 

Since h > so /i/e^ < l/(32CiC*). Since h < ln(i?/e*), so Eo{t) < Xje^. From ||r/-CIUt < 1, 
we have 

Ao < 2Ci^o(i) < 2Ci/e'' < l/(16C*/i) < l/(16C*/io)- 
Hence (j4.36p holds. From Lemma 14.91 we have 

\X'l - Xi\ < 192C2Ao + SsihMt) - C(t)|. (4.47) 

Since 53(x) is non- increasing, and Ss{x) = 0{xe~^) as x — cxd, so there is an absolute constant 
Cs > such that S3{x) < Csxe'"" for any x > 1. Since h > ln(i?/2) - t > 1, so 

Ssih) < Ss{ln{R) - ln(2) - t) < CsE^{ln{2) + t)< 2Cs^i(t). (4.48) 

Since ln(i?/2) - t > 1, so Eo{t) < Ei{t). Let C = 128C2Ci + 2Cs > 1. Then HOT]) follows 
from (j336|)-(I138|). 

(h) If \\r] - (\\t < 1, then (j4.42p follows from ()4.4ip by letting s -?■ -oo. If \\r] - (\\t < oo, 
then there is n G N such that \\r] — (\\t < n. Let Cfc = C + (^ ~ C)^/"-; ^ = 0, 1, . . . ,n. Then 
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llCfc-i — Ck\\t < 1 for each k, and \\r] — (\\t = Y12=i llCfc-i ~ Ck\\t- So (|4.42p foHows from the result 
in the case \\r] — (\\t < 1. If ||r/ — (\\t = oo, ()4.42p always hods. □ 

Proof of Theorem 13.21 Let M, C be given by Lemma [4. 101 Let ao < In(ii) — M be such that 
C|A|£'2(flo) < 1/2- Define a sequence of functions in C((— oo,ao]) inductively such that, 
for any t < oq and n E N, Co{t) = /(*) and 

CnW = /(t) + A r (4.49) 

J — oo 

From Proposition 13. H the above improper integrals converge, and ||Ci~^o||a < oo. From Lemma 
Km for t < ao, - < CEi{t). So from (ICTIl . for any t < ao. 



\Cn+l{t)-Ut)\<C\X\ 



[ Ei{s)dsUn - Cn-lllt < Un " en-l||ao/2. 
J — oo 



Thus, (^„) is a Cauchy sequence w.r.t. || • ||ao- Let ^oo be the limit. Then ^oo solves p.4p for 
t e (— oo, Oo]. 

Let S be the set of all couples (^,T) such that ^ solves (|3.4p for t £ (— oo,T]. We have 
proved that S is nonempty. Suppose {£,,To) E S. Let (l = and p = G fi. For 

^ G (^([0, 5*)) for some S > 0, let l| and denote the radial Loewner hulls and maps driven 

by 6 If C let j| = G(J7 \ •) o (^|)-\ and x| = (5,5,/aj,)(j| o eO(C(0)- From 

Theorem 13.11 (i) , the solution to 

m = an) + /(To + t)- /(To) + A /* Xlds (4.50) 

JO 

exists on [0,6] for some 6 > 0. Let Tg = To + 6 > To. Define Ceit) = C(t) for t < To and 
Ceit) = S,it — To) for t £ [ro,Te]. It is clear that S C((— oo,re]). Since agrees with ^ on 

(— oo,To], so solves (13. 4j) for t G (— oo,To]. For t G [0,Te — To], we have i^Xo+t — i^t ° V'tq 

and L^g^f = Lj,^ U ('(/'j|j)~^(L^), where V'To+i'^To ^^"^ -^il)+t'-^To ^'^^ inverted whole-plane 

Loewner maps and hulls, while and Lf are the radial Loewner maps and hulls. Since il^j^^ 

maps p to p, and maps Q, \ L^Xo+t o^ito ^ \ Tf , so 

j| = G(f) \ 4;+„p; •) o (4j-i o (V.|)~i = G(0 \ •) o (4;+,)-^ = j| 



'To+f 



Thus, for t G [0,Te - To], 1| = x|f^,. Since ^(To) = /(To) + A^l^xf^ds, so from (gSO]), 



un + t) = m = e(To) + fin + t)- fin) + x / x^^ds 

fTo+t 

= /(To + t) + A / Xl^ds, < t < Te - To. 

J — oo 
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Thus, {^e,Te) G S. So we find that for any {S,,Tq) £ S, there is {S,e,Te) £ S such that Tg > Tq, 
and Ceit) = ^(t) for t £ (-00, Tq]. 

Suppose (6, Ti), (6, Ta) e 5. For j = 1, 2, as t ^ -00, ^j{t)-f{t) ^ 0, so -^2(0 ^ 0. 
There is T < min{oo, Ti, such that — £,2\\t ^ 1- Then from the argument of the first 
paragraph, we have ||^i — ^2||r < ll'^i — ^2||r/2- Thus, (,i{t) = £,2{t) for —00 < t < T. Let 
Tq <Ti A T2 be the maximal such that ^i(t) = ^2(i) for —00 < t < Tq. Suppose Tq < Ti A T2. 
Let ii{t) = Ci{To + i), ^2(0 = 6(^0 + 1) for t E [0, Tq - T]. Then ^1 and ^2 both solve equation 
iK50\i for t e [0, Ti A T2 - Tq]. Prom Theorem O (ii) , there is 5 G (0, Ti A r2 - Tq] such that 
^i(t) = ^2(*) for < t < 5", which implies that ^i(t) = C2(*) for < t < Tq + 5". This contradicts 
the maximum property of Tq. So ^i(t) = S,2it) for t £ [0,Ti AT2]. Let Tj = sup{T : (C,T) £ S}. 
Define on {—oo,Tf) as follows. For any t £ {— 00, Tf), choose (^,T) £ S such that t < T, 
and let ^/(i) = Then ^/ is well defined, and solves (j3.4p for t G (— oo,Tj). We also have 
the uniqueness of ^j. There is no solution to (|3.4p on (— oo,Tj]. Otherwise, there exists some 
solution on (— oo,Tj + e] for some e > 0, which contradicts the definition of Tf. 

(i) Let Ml, Ci and M2, C2 be the M, C given by Lemma 14.61 and Lemma 14.101 respectively. 
Let C = Ci V C2 and M = Ml V M2. Choose oq < ln(i?) - M such that C\X\E2{ao) < 1/2. 
Then the solution exists on (—00, oq] for any / £ C(M). 

Fix a E M. We now prove that {/ £ C(M) : Tj > a} £ Ta, and / 1— > is (Ta, 7^)-continuous 
on {Tf > a}. First suppose a < oq. Then {/ £ C(M) : Tf > a} = C(M) G Ta- Suppose 
ifa £ G £ Ta- Then there are bo < a and e £ (0,1) such that B;,o_a(^/o, e) := G C(M) : 
11^ - ih\\bo,a < e} d G- We may choose 6 < 60 and 5 > such that 25 + 6C| A|£;2(^') < £• 
Suppose / £ C(M) and ||/ — /o||6,a < i^- Then 

\if{b)-is,m<\fip)-m\ + \A f {\xl^'\ + \xi'-\)ds 

J —00 

< 11/ - h\\b,a + |A| f 2GEi{s)ds = 11/ - /o||6,a + 2G\\\E2{b) < e. 

J —00 

Let ai G {b,a] be the maximal number such that — ^/gUb^a^ < 1. From Lemma 14.61 and 
Lemma 14.101 for any t £ [b, ai], 

mt)-^foit)\<\fit)-m\ + \x\ f {\xi^\ + \xi'^\)ds+\\\ f\xif -xp'^ids 

J —00 J b 

<\f{t)-fo{t)\+2G\X\ f E^{s)ds + G\\\ l\Eo{b)+E^{s)Uf-if,\\,^s)ds 

< 11/ - /ollvi + ^C\X\E2{b) + G\X\E2{ai)Uf - Cfjb,a,- 
Since C\X\E2{ai) < G\X\E2{a) < 1/2, so 

lit til ^ 11/ - /o||b,ai +3C'|A|£;i(6) ^^11^ , II ,«/^i\i/=-/i 
IIC/o - ?/llfe,ai ^ 1 - C|A|£^2(qi) ~ ■^ol!^'''! + 6C|A| < e < 1. 
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So we have ai = a. From the above formula, we have ||^/ — '^/ol|feo,a — 11'^/ ~ '^/olka < ^- Hence 
G ^boA^fo^^) C G if 11/ - /o||b,a < So / ^ ^/ is (7;,7;)-continuous. 
Now consider the case that a > oq. Let Mq = ln{R) — oq. Suppose /o G {Tf > oq} 

and ^ G e Ta- We may choose h > such that S/^ C Via \ Pa ■ Let H = h/8 and 
/i;^ = /i - (1 + A)iJ for A = 0, 0.5, 1, 2, 3. Let > be given by (I05]l . Recah the definition of 
S'3(/i) before Lemma Let 



5h 



/i2-"C-i exp(-i sinh2-2(/i/2)); (4.51) 



I ' Vsinhi(V2)^ ^ hsmhl{h/2) / 2sinhi(/i/2) J 



= 3 . 2-a^exp(- -h2-(V2))(^^-^ + + 53(.). (4.53) 
There are bo < uq and e G (0,5/^) such that Bf,Q^a(^jo, e) C G. Let 



{^h, TTTTTU xtI- (4-54) 

I exp 6/, A a - an) J 



£0 ™™ > exp(C/i|A|(a - ao)) 

There is 61 < min{6o, ln(i?) — Mh} such that £^0(^1) < eo/5. From the last paragraph, there 
are b < bi and 5 £ (0,eo/5) such that, if ||/ — /o||b,ao < ^ then — ^/oHfei^ao < eo/5. Suppose 
/ G C(M) and ||/ - /o||6,a < S. Since a > ao, so - C/ollbi,ao < eo/5 < (5^. Let ai G (ao,a] be 
the maximal number such that is defined on (— oo,ai) and |^/(t) — ^/o(OI < "^h on [61, ai). 

Fix t G [ao,ai). Since t < a, lmtljp°{z) decreases in s, and §h C ^of° , so S/^ C i^f'^" 

Let Co, Ao, Ao be given by (I4.32|] with s = 61, C = ^/o a-^d = Since i > ao = ln(i?) — Mq 

and h2>h^ = h/2, so 

2(l + C^)e^'^ o 
sinhi(/i/2) 

Since Co = | sinh^^(/i/2), so from (I4.32P and (I4.55j) . we have 



^0 < \.Z2n ,^. Eo{bi). (4.55) 



Ao < exp(isinh2 2(V2))(^^^^|^i?o(fei) + Uf-^foKt)- (4-56) 

Using ()i3n) - (|i36]l and the facts that 61 < ln(i?) - Mh, Uf - ^fjbi,t < and H = h/8, one 
may check that (14361) holds, i.e., ^o < 1 and Ao < H^/{lQC^ho). From Lemma|43]and (f456]) . 
we have 

|Xp _ xf o| < Ch{Eo{bi) + IIC/ - C/ollfei,i), i e N,ai). (4.57) 
Recall that b < bi < bo < ao < ai < a. From (|3.4|) and (j4.57p . for any t G [ao, ai), 

|e/(t) - e/o(i)l < l/(«o) - /o(ao)| + Ifit) - fo{t)\ + |C/(ao) - ^f,{ao)\ + |A| T \Xp' - |ds 
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< 211/ - foha + Uf - ^fo\W,ao + Ch\X\ f{Eo{hl) + Uf - if,\W,s)ds. 

Jao 

For t G [ao,ai), let g{t) = \\Cf - ^fo\W,t, then 

g{t) < 211/ - fo\\b,a + Uf - e/ollfei,ao + Ch\X\ [\Eo{bi)+g{s))ds. 

Solving this inequality using (|4.54p and that ||/ — /o||fei,ao 1^ 11/ ~ /o||fe,ao < 5 < £o/5, and 
11^/ - ^foWbuao < £o/5, we have that for any t E [oq, ai), 

g{t) < e^'^l^l(*"-o)(2||/ - M\b,a + 11^/ - Cfo\K,aJ + (e^'^l^l(*-'^«) - l)Eoih) 

< e^''l^l(''-''o)(2eo/5 + eo/5 + eo/5) < 4e/5 < e. 
So from we have \X^^ - xf^'' \ < Ch{Eo{bi) + e) for any t G [oq, ai). Let 

S = Ch{EM + e) + sup{|xf^° I : t G [oq, a]} < oo. 

Then \xl^\ < S for any t G [ao,ai). Since Cfi't) = /(i) + A X^^ ds, so limf_j.a^ exists 
and is finite. By defining ^/(ai) = linit-^aj '^/(O) we have that solves ()3.4p for — oo < t < ai. 
Thus, Tf > ai. Since — ■^/ol|fei,t = g{t) < 4e/5 < 6h for all t G [ao,ai), so from the definition 
of ai, we have oi = a. Thus, Tj > a and ||.^/ — ■C/oHfei.a = ^^^t->a g{t) < 4e/5 < e. Thus, 
/ G {T/ > a} and G BbU^fo,^) C G if ||/ - /o||b,a < 6. So {Tj > a} G Ta, and / ^ is 
(7^; 7^)-continuous on {Tj > a}. 

Let /i,/2 G C(M). Suppose for some a G M, Tf-^ > a, that is, is defined on (— oo,a], 

and /i ~ /2. Then there is A: G Z such that /2(i) = fi{t) + 2A;7r for t < a. It is clear 
that ^(i) = ifi{t) + 2A;7r solves ()3.4p with / = /2 for — oo < t < a. Thus, Tjj > a and 
?/2(^) = + ^^T!" for t < a, so ~ ^/2- From the results of the last paragraph, we have 

{Tf > a} G , and / i— )• is (7^, 7a''')-continuous on {Tj > a} 

(ii) Suppose a is a Jordan curve such that \Jt<Tf ^ ^(«) C \ {ze}. Then t = 

cap(-ftrj^-' ) < cap(i?(a)) for any t < Tf, so Tf < cap{H{a)) < oo. We may choose another Jordan 
curve Qo such that H{a) C U{ao) and H{ao) C D\{ze}. Let h = min{ln \ (pH{a)iz)\ '■ z G qq} > 

0. For any t < Tf, since K^^ C H{a), so for any z G oq, = Iv?^?/ (-z)l > WH{a){^)\ ^ e'^. 

Since ao disconnects K^^ from C \ (I? \ {zg}), so {1 < \z\ < e^} C {D \ {ze} \ K^^). Thus, 
C J^t^' \ pf-^ for t < T/. Now jf^ is positive and harmonic in S/^, vanishes on M, and has 
period 27r, so from Lemma [^31 \xl^\ < Si{h) for t < Tf. From ()3.4p . limj_j_y- exists and 
is finite. Define £,f{Tf) = lim^_^^- if{t). Then solves p.4p for — oo < t < Tf, which is a 
contradiction. □ 
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5 Partition Function 



For K > and A G M, let a (k, A)-process denote the whole-plane Loewner chain driven by 
the solution to ()3.4p with f{t) = B^\t). In this section, we will prove that a (k, A)-process is 
locally absolutely continuous w.r.t. the whole-plane SLE^ processes started from 0. By setting 
K = A = 2, we conclude that the continuous LERW from an interior point to another interior 
point is locally absolutely continuous w.r.t. the whole-plane SLE2 process. 

Suppose D is a finitely connected domain, 0,Ze G D, and Ze / 0. Let Kt and —00 < 
t < 00, be a whole-plane SLE^ hulls and trace from to 00 with the driving function being 
^(t) = B^\t). Let /i be the distribution of {£,{t)). Let (Jf) be the filtration generated by 
(e^«(*)). Let (J"t) be the completion of (Jf ) w.r.t. /i. Let ipt and ■0* be the inverted and 
covering inverted whole-plane Loewner maps driven by ^. Let (pt = (fXt 4't = (j^Kf Then 
'^t = -^T ° ipt ° and (pti^) = Let T £ (—00, 00] be the maximal number such that 

Kt <Z D \ {Z(.} for —00 < t < T. Let J^, jf, flf, Q^, p\, and p|, —00 < t < T, be as in Section 
13. 2[ For simplicity, we omit the superscripts ^ in this section. 

Let R = dist(0,aL> U {zg})- Let Tr = ln(_R) - ln(l + Cu)- Let h{t) = ln(i?/e* - C^) > 
for t < Tr. From Lemma [4.41 we have C i}t\pt for t < Tr. From Lemma [4.51 we conclude 
that \{didy/dy)Jt{(,{t))\ < Sj{h{t)) for t < Tr and j = 1,2, where Sj{h) = 0{he-^) as /i ^ 00. 
So for j = 1, 2, 

{didy/dy)Jt{m) = 0{te'), t ^ -00. (5.1) 

Now we study the behavior of dyJt{^{t)) as t ^ —00. We have to consider two cases. The 
first case is that D = C Then 0^ = for all t G M. If = cxd then p = pt = for all 
i E M. Thus, Jt{z) = G{^lt,Pt', z) = — ^ln|2;|, and so Jt{z) = Jt{e^^) = ^Imz. So we have 
dyTt{^{t)) = ^ for all t G M. Now suppose that D = C and Ze {0,oo}. Recall that 

Pt = tpt{p) = RTOiptO Rj{p) = Rjo ipt{Ze) = RT{e'^(j)Kt{Ze))- 

From ()2.7p we have \(t)Kt{ze) — Ze\ < C-h^*- Thus, pt = 0(e*) as t — >• —00. We have 
Jt{z) = Me'') = G{nt,pt;e'') = G{B,pt;e'') = -^In 

So we have 

dyJtim) = 

Thus, when D = C we always 

dyMm) = :^ + 0(,e'), (5.2) 
zvr 

The second case is that D^C. Forte (-00, T), let Gt{z) = G{D \ Kt, z^, z) and Gf{z) = 
Gt{<t)i\z)) = G{(t>t{D \ Kt),Mzey,z). Since Qt = Rj o ^t{D \ Kt) = Rj o Af-^ o 0j(D \ Kt), 




1 

~ 27r jT 
have 



1 - IPtl^ 



Pte' 



^ + 0(e'), t 



-00. 
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pt = Rf ° <ft{ze) = Rt o M^t o 4>t{ze), and Jt{z) = G{Qt,Pt;z), so Jt = Gf o M^t o Rf. 
As t decreases, D\Kt increases, so Gt increases. Let G_oo(-z) = G{D, Ze] z). As t — )■ — oo, 
since Kt — )■ {0}, so Gt{z) — )• G_oo(-z) in Z) \ {2:e,0}. Moreover, since diam(i^() < 4e*, so 
Gt{z) — G-oo{z) = 0{l/t) as t — )• — oo, uniformly on any subset of D\ {zg, 0} that is bounded 
away from 0. Using Harnack's inequality, we conclude that VGj — VG_oo, as t — )• — oo, 
uniformly on any compact subset of D\{ze,0}. 

Let r = R/2 and 5 = R/A. Let A = {r — 5 < \z\ < r + 5}. Then ^ is a compact subset of 
D \ {ze,0}. So there are constants Ta G (— oo, T) and Ma G (0, oo) such that | VGt| < Ma on A 
if t < Ta- From ([221) we see that \(j)^'^{z)-z\ < C^e* for any t < ln\z\. Let Tb = TAMn{5/Cu)- 
Suppose \z\ = r and t < Tb- Then - ^| < C^e* < J. So C A. Thus, 

|Gf (z) - Gt{z)\ = \GMriz)) - Gt{z)\ < MAl^T'i^) - ^1 < MACne'. 

Since Gt — G-oo = 0{l/t) as t ^ — oo, uniformly on {\z\ = e*}, so Gf — G_oo = 0{l/t) as 
t — )• — oo, uniformly on {|2;| = e*}. Since = Gf o M^t o i^-j o e\ so as t — )• — oo, 

Jt(x + i(ln(r) - t)) = Gfire'x) = G-^{re''') + 0{l/t) (5.3) 

uniformly in x G M. 

Fix t G (—oo, Tb]. Let h = ln(r) — t. Let 8/1(2;) be defined as in (j4.25p . So S/i o (6*)^"*^ is a 
Poisson kernel function in {e~^ < \z\ < 1} with the pole at e~^. Since Jt is harmonic in S/^, 
continuous on S/^, vanishes on M, and has period 27r, so for any z G S/^, we have 

I r ~ 

Jt{z) = —l Jt{x + ih)Sh{z - x)dx. 

Thus, for any xq G M, dy Jt{xo) = ^ fl^ Jt{x + ih)dySh{xo — x)dx. From ()4.25p and the 
computation in the proof of Lemma H3] we have dySh{x) = ^ + 0{e^^) = j[ + 0(e*) as /i — )• 00, 
uniformly in x G M. From (j5.3p we have Jt{x + ih) = G -^{re^^) + 0{1 / 1) as t — )• —00, uniformly 
in X G M. Thus, as t — t- —00, we have 

dyJtixo) = ^ G_oo(re-)^ + 0(l/(/it)) = + O(lA^) 

uniformly in x G M, where the second "=" holds because G_oo is harmonic in {\z\ < r}. So as 
t — )• —00, we have 

-tdyJt{m)=G-ooi0) + O{l/t) = G{D,Ze;0) + O{l/t). (5.4) 

Next, we study the behavior of {dtdy/dy)Jt{^{t)) as t — —00. For t G (— oo,T), we have 
Jto il)to Rj = Gt = G{D \ Kt, Ze, •), which implies that 

o o R^{z) = Gt{e'') = G{D \ Kt, Ze,e\z)). (5.5) 
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Let Pt denote the generalized Poisson kernel in 0,t with the pole at e*^^*\ normalized by Ptiz) = 
Re ^[g^lj^^ + 0{z — e*^(*)) as z — )• e*^^*). So o o Rj is a generalized Poisson kernel in \ ETj 
with the pole at /3(t). If 5 > is small, then Kt-\-s \ Kt is contained in a small ball centered 
at /3(i). So it is intuitive that Gt = G{D \ Kt,Ze,-) is differentiable in t, and —dtGt{z) is a 
generalized Poisson kernel va D\Kt with the pole at (5{t). This can be proved by expressing 
Gt{z) — Gt+s{z) as an integral of Poisson kernels in D\Kt^s with poles on Kt^^\Kt. We do not 
go into details here. Thus, there are C{t) > such that —dtGt = G{t)Ptoipto Rj, -co < t <T. 
Let Pt = Pto e\ Then Pt{z) = - Imcot2(2 - i{t)) + 0{z - i{t)) as z ^ C{t), and we have 

- dtGtie'') = C{t)Pt o V^t(z), -oo < t < T. (5.6) 

Differentiating (jS.Sp w.r.t. t and using (12.141) and (j5.6p . we see that for any z £ ie')-^{D \ Kt), 

dJtiM'^)) + dJtiM'^)) Recot2(V^t(z) - m) 

+dyJt{Mz))'^^cot2{Mz) - m) = -c{t)Pt{Mz)). 

Since ipt ° Rr maps (e*)~^(L' \ Kt) onto Qt, so for any w G fit, 

9t Jt(u;) + Jt(ti;) Re cot2(^i; - ^(0) + dyM^) Im cot2(u; - ^(t)) = -C{t)Pt{w). (5.7) 

Suppose in some neighborhood U of ^(t), Jt = Im J^^ and = ImP^, where jf^ is analytic in 
U, and PjF is meromorphic with a pole at ^{t) in [/. From ()5.7p we have 

Im[at Jf (u-)] + Im[(jf )'(u') cot2(u' - ^(t))] = lm[-G{t)P^(w)]. (5.8) 

Comparing the residues at ^{t) of the two sides, we find that C{t) = (^t^)'(C(O) = (^yJt{C{t)). 
Differentiating (15. 8p w.r.t. w, we get 

dtiJ^Yiw) + (Jf )"(u;)cot2(u; - ^(0) + {J^Yiw) cot'.iw - m) = -( jf )'(^(t))(Pi^)'(^). 

Letting w — )• .^(t) in Qt in the above formula, and comparing the constant term in the power 
series expansion at (t) of both sides, we get 

dtiJ^nm) = (j^rm) {-{pFyh - cof.iw)) + hj^ym). (5.9) 

w^^{t) fa 

Let Qt = —Pt — Imcot2. Then Qt is continuous on ilj, vanishes on M, equals — Imcot2 on 
di^t \ IK) has period 2it, and is harmonic inside From (j5.9p we have 

idtdy/dy)Jtm) = dyQtim) + lidldy/dy)Jtm)- .W) 

For the behavior of {dtdy/dy)Jt{^{t)) as t — )• — oo, we also need to consider two cases. The 
first case is D = C. Then fit = so Pt{z) = Re ^[^^y^, which implies that Pt{z) = — Imcot2(^;) 
and Qt = 0. From (15. ip and (I5.10p we have 

idtdy/dy)Jtim) = 0{te'), t ^ -oo. (5.11) 
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The second case is that D ^ C Let Qt be continuous on $7^, harmonic in vanishes on T, 
and equals to Re '^^t \ T. Then Qt = Qt ° ■ Let St = Qt o Rj ° ^t- Then St is 

continuous on D \ Kt, harmonic in D \ i^'^, vanishes on dKt, and St{z) = Re on 

Since ipt{z) = e^*(f)t{z), so from p. 71) we have = e~*z + 0(1) as t — )• — oo, uniformly in 

z edD. So 5i = 1 + 0(e*) on dD as t ^ -oo. Since diam(Kt) < 4e*, so = 1 + 0{l/t) 

as t —7- — oo, uniformly on any compact subset of D \ {0}. The argument that is used to derive 
(|5.4p can be used here to prove that dyQt{£,{t)) = —l/t + 0(l/i^) as t — )• — oo. So from (|5.ip 
and (I5.10p we have 

idtdy/dy)Jt{m) = -lA + o(iA'), i ^ -oo. (5.12) 

Let a = A/k e M. We define M{t) for t G (-oo, T). If D = C, let 

M{t) = {27rdyJtmWew(-'^a{a-l) f (^44S^Yds 



2 J-oo V dyJsias)) 



2 7-00 9,J,(e(s)) y~oo dyJsiCis)) ^ 

From (jS.ip and (jS.lip we see that the three improper integrals all converge. From ()5.2p we have 
limt^_oo M{t) = 1. If L> = C, let 



M(t) 



(^^?^»^rexp(-^a(«-l)r 



5y^.(C(^)) 

(^jwm+^)ds). (5.14) 

2 7-00 ayj,(e(s)) 7-00 V dyMas)) v^^^ ^ 

From ()5.ip and ()5.12p we see that the three improper integrals all converge. From (15. 4p we have 
lim(_!._oo M{t) = 1 in this case. 

Lemma 5.1 (Boundedness) Let p be a Jordan curve in C such that G U{p) and H{p) C 
D \ {-Ze}- Let Tp he the first t such that Kt r\ p ^ ^. Then there is a constant C € (0, oo) 
depending only on p, D, and z^,, such that \ ln(M(t))| < C on (— oo,rp]. 

Proof. Let Rp = dist(0, p) > 0. Then ln(i?p/4) is a lower bound of Tp. From ([51]), ([52]), (!5TT]) . 
and ([5T3]) . or from (^^, i^^, (l5T2]) . and (|5Ti]) . we conclude that there is 6 G (-oo, ln(i?p/4)) 
and Ci G (0, oo) depending only on p, D, and Zg, such that | ln(M(t))| < Ci on (—00,6]. The 
boundedness of | ln(M(t))| on [b,Tp] follows from Lemma l2.3i □ 

Now we study the martingale property of M{t). Since (Jt) is (J"t)-adapted, has period 2tt, 
and (e*^(*^) is also (J'i)-adapted, so {dyJt{(,{t))) is (J^t)-adapted, and so are {{didy/dy) Jt{(,{t))), 
j = 1,2, and {{dtdy / dy)Jt{i{t))) . From (f5T3]l or (lETip we see that (M(t)) is (Ji)-adapted. 
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We will truncate the time interval to apply Ito's formula. Recall that ln(i?/4) is a lower bound 
of T. Fix a G (-00, ln(i?/4)). Let = T - a > 0. Let J"f = Ja+t, t > 0. Then Ta is an 
)t>o-stopping time. Let M„(t) = M{a + t), < t < T^. Then (Ma(t)) is )-adapted. 
From (|5.13p or (|5.14p we have 

M,{t) = M{a)dyUi{a))-^dyJa+Ma + W exp ( - ^a{a - 1) f^' (^Miifll^'rf, 

MMMf)),, _ « r m^,s\ (5.15) 

Let Ca{t) = Cia + t)- Cia) and Bait) = Ca(t)/\/K, t G [0, 00). Then ^^(t) is an (J^f )-Brownian 
motion. Using Ito's formula and the argument in Section 13.31 or Section 13. 4^ we conclude that 
dyJa+t{^{a + t)), <t <Ta, satisfies the )-adapted SDE: 

ddyJa+ti^ia + t)) = d^dyJa+ti^ia + t))dCait) + '^d^dyJa+Ma + t))dt + dtdyJa+t{i{a + t))dt. 
From Ito's formula, this then implies that 

ddyJa+t{£,[a + t)Y dxdyJa+t{S,{a + 1)) k dldyJa+t[i{a + 1)) 

— = a — w?airj H — — cut 

ddyJa+Ma + t)) dyJa+Ma + t)) 2 dyJa+Ma + t)) 

dtdyJa+t{i{a + t)) , ^^(dxdyJa+t{i{a + t))\'i 



dyJa+Ma + t)) 2 V dyJa+Ma + t)) ' 

So from (|5.15p we see that Ma(t), < t < T^, is a local martingale, and 

dUait) _ J^^dyJa.Ma + t))^^^^^^ ^ ^^^^ ^^^d_B^_ 



Ma{t) dyJa+Ma + t)) 

From Lemma |5. II and that limt_!._oo M(t) = 1 we conclude that for any p as in Lemma |5. 11 we 
have M(t), —00 < t < Tp, is a bounded martingale, and so Ep[M(rp)] = M(— 00) = 1. 

Define v hy du = M{Tp)diJL. Then v is also a probability measure. Now suppose that the 
distribution of {^{t)) is v instead of /z. For —00 < t <T, let 

ri{t) = ^{t) - \ I X^{s)ds. (5.17) 

From Proposition 13.1} we see that ?/(t), —00 < t < T, are well defined. Moreover, it is clear 
that (e*^*^*-*) is (J-t)-adapted. Fix a G (— 00, ln(i?p/4)). Then we always have Tp > a. Define 
r]a{t) = ri{a + t)— r]{a) for < t < Tq. Then {r]a{t)) is (.Ff )-adapted. And we have 



ra+t 

ria{t) = V^Bait) - A / X^{s)d 

J a 
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From ()5.16p and Girsanov's theorem, we conclude that, under the measure z^, {i]a{t) / ^/k, < t < 
Tp — a) is a stopped (J^f )-adapted Brownian motion, and so is independent of e*'''^*\ -co < t < a. 
Since this holds for any a S (— oo, ln(i?p/4)), so (e*''^*\ — oo < t < Tp) has the same distribution 

as (e*^" '^*^) stopped at some stopping time. Thus, there is a integer valued random variable 
n such that := r]{t) + 2n7r, — oo < t < Tp, has the same distribution as B^\t) stopped 

at some stopping time. Prom ()5.17p we see that = C(0 + 2n7r, — oo < t < Tp, solves the 
integral equation 

J —oo 

Here we use the fact that X^* = X^. So the whole-plane Loewner chain driven by 
— oo < t < Tp, is a {k, A) process stopped on hitting p. Thus, a {k, A) process stopped on hitting 
p has a distribution that is absolutely continuous w.r.t. the whole-plane SLE^ process stopped 
on hitting p, and the density function is M{Tp). 

The locally absolutely continuity also holds if the target is not an interior point but a 
boundary arc or a boundary point. In these cases, the process M{t) is defined by (|5.14p with 
G{D,Ze]^) replaced by a harmonic measure function or a normalized Poisson kernel function 
valued at 0. Then M[Tp) is still the density function between the (k, A) process and whole-plane 
SLEk process before hitting p. 

6 Scaling limits of Discrete LERW 
6.1 Discrete LERW in grid approximation 

Let D be a finitely connected domain that contains 0. Por (5 > 0, let 51? = {(j + ik)5 : j,k £ 
Z} C C We also view 61? as a graph whose vertices are (j + ik)6, j, A; G Z, and two vertices 
are adjacent iff the distance between them is S. We define a graph that approximates D in 
as follows. The vertex set V{D^) is the union of interior vertex set Vj{D^) and boundary 
vertex set Vq{D^), where Vj{D^) := (5Z^ n D, and Vq{D^) is the set of ordered pairs {zi,Z2) 
such that zi G Vj{D^), Z2 G dD, and there is 23 G (5Z^ that is adjacent to zi in 5Z^, such that 
[zi,Z2) C [zi, Z3)riD. Two vertices wi and W2 in V{D^) are adjacent iff either wi,W2 G Vi{D^), 
wi and W2 are adjacent in (5Z^, and [wi,W2] C D; or for j = 1 or 2, wj G Vj{D^) and 
ws-j = {wj,zs) G Vq{D^) for some Z3 G dD. 

Every interior vertex of has exactly 4 adjacent vertices, and every boundary vertex 
w = {z\,Z2) has exactly one adjacent vertex, which is the interior vertex z\. If {z\,Z2) is a 
boundary vertex, then it determines a boundary point, which is Z2, and a prime end of D, 
which is the limit in D, the conformal closure of D (c.f. [I] |12]). as z — )• Z2 along \z\, Z2). 

Let be the connected component of that contains 0. Let V{D^) be the set of vertices 
of D^. Let Vi{D^) := ^(D^) n y7(£''') and Vd{D^) := T^(£>^) n Vd{b^) be the sets of interior 
vertices and boundary vertices, respectively, of . 

Pix Zf, G ^\{0, 00}. Let be an interior vertex of that is closest to Ze- Then \w^^—Ze\ < 6 
if 6 is small. Let {qs{0), ■ ■ ■ , qsixs)) be the LERW on started from conditioned to hit 
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before Vq{D ). Such LERW is obtained by the fohowing process. First, run a simple random 
walk on from 0, stop it on hitting or Vg{D^). Second, condition the stopped walk on the 
event that it hits instead of Vg{D^). Finally, erase the loops on the path of this walk, in the 
order they are created (c.f. [2]). Then the obtained simple lattice path is called the LERW on 
started from conditioned to hit before Vg{D^). So ^^(O) = and qsixs) = wi- 
Let E_i = Vd{D^), F = {wf}, and Ek = E^i U {qj : < j < k} for < k < X5 - I- For 
each < /c < Xi5 ~ 1) Ist be defined as in Lemma 2.1 in [12j with A = F, B = E^^i and 
X = qs{k). This means that gk is a function defined on V{D^), which vanishes on E^ \ {qs{k)}, 
is discrete harmonic on Vi{D^) \ {^^(O), . . . ,qs{k)}, and gkiw^) = 1. The following is a special 
case of Proposition 2.1 in [12j. 

Proposition 6.1 For any vq G V{D^), {gk{vo)) is a martingale up to the first time that qs{k) ~ 
or Ek disconnects vq from . 

Define qs on [0, xs] to be the linear interpolation of qsik), < k < X5- Then qs is a simple 
curve in D that connects and wf. For < /c < x<5 — 1) let Dk = D \ qs{[0, k]). When 6 is 
small, the function g^ approximates the generalized Poisson kernel Pk in Dk with the pole at 
qs{k), normalized by Pk{ze) = 1- Note the resemblance of the discrete martingales preserved 
by this (discrete) LERW given by Proposition 16.11 and the local martingales preserved by the 
continuous LERW given by Theorem l3.41 Suppose 7o(t), — oo < t < Tq, is an LERW(D; — >• Ze) 
curve. We will prove the following theorem about the convergence. 

Theorem 6.1 For any e > 0, there is 5q> d such that, if S < 6o, then there are a coupling of 
qs and 70, and a continuous increasing function u that maps (0, x&) onto (—00, Tq) such that 

P [sup{|g5(M-i(t)) - 7o(t)| : -00 < t < To} < e] > 1 - e. 



6.2 Some estimates 

For a non-degenerate interior hull K C D\{ze}-, let ^k-, and ij^x be as in the last subsection. 
So if X = is a whole-plane Loewner hull at time t driven by some ^ E C((— oo,r)) with 
T > t, then 93 „e and agree with the whole-plane Loewner map and inverted whole- 

plane Loewner map: ip^ and > respectively. Let Qk = Rj ° ^k{F> \ K), Qk = {^^)^^{^k), 
Pk = Rj ° ^K{ze), and pK = {&^)~^{pk)- So is a subdomain of D containing px, and flK is 
a periodic subdomain of H. If K = K^, then ^j^i, ^^f^ ^"^^ Pr^ agree with Q^, p\, 

and pf, respectively, defined in Section [3121 

Let a be a Jordan curve in C such that G U{a) and H{a) <Z D \ {z^}. Let F be a 
compact subset of D \ {H{a) U {00}). Fix b £ M. Throughout this subsection, a constant is 
called uniform if it depends only on D, Ze,a, F, b. We will frequently apply Lemma [2. 31 to 'H!'{a) 
to obtain some uniform constants. We illustrate the idea in the following example. Note that 
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for every H G %^{a), ipniF) is a compact subset of {\z\ > 1}, so there is rn > such that 
IvhI-z)! > e''^ for every z £ F. From Lemma |2.3^ there is a uniform constant h > such that 
\^h{z)\ > for any H G n^ia) and z e F. Let Fr = Rj{F). Then \iIjh{z)\ < e'^ for any 
H G 'H^(a) and z G Fr. Suppose C H{a). Then for any t G [6, a], we have kI G //^(a), so 
I'/'t (-z)l < for any z G Fr. Let Fr = (e*)~^(FR). Since o e* = e* o so Im^/jf (z) > h 
for any z G Fr and t G [6, a] . 

The fohowing lemmas are similar to the lemmas in Section 6.1 of [12j . 

Lemma 6.1 There are uniform constants Ci,C2 > such that if C H{a), then for any 
ti <t2 £ [b, a] and z G Fr, 

l^l(^) - ^1(^)1 <Ci|t2- til; 

IV^l(^) - i^iiz) - {t2 - h) COt2(V^l(^) - < C2\t2 - h\{\t2 - til + sup {j^W " ^{tl)\}). 

telti,t2] 

Proof. Suppose Ka C H{a). Then for any t G [b, a] and z G Fr, we have lm.ipf{z) > h, which 
implies that | cot2(v4(-^) ~ ^ coth2(h). Since ipt^i^) — ftii^) — It^ cot2((/?f (-z) — C{t))dt, 

so Itpf^i^) ~ i^tii^)\ — Ci\t2 — ti\ for any ti < t2 £ [b,a] and z G Fr, where Ci = coth2(h) > 0. 
Since | cot2(ii')| < ^ sinh2 ^(Imit;) < ^sinh^^(h) for it; G C with Imw > h, and Ci > 1, so for 
ti <t2 £ [b, a] and z G Fr, 

I COt2{i^i{z) - at2)) - COt2(V^l(z) - < ^Sinh2-2(h)(|(/,|(z) - 4^{z)\ + |C(t2) " ^{tl)\) 

<^smhf(h){\t2-t^\ + \at2)-atl)\)■ 
Let C2 := ^ sinh2 ^(h) > 0. Then for ti < t2 £ [b, a] and z G Fr, we have 

iv^ii^) - - it2 - h) cot2(v^f,(z) 

= I ' COi2{4{z) - m) - COt2(4 {z) - i{ti)) dt 

Jtl 

<C2\t2-ti\{\t2-ti\+ sup □ 

t€[tl,t2] 

For X G M, let P{K,x,-) be the generalized Poisson kernel in with the pole at e*^, 
normalized by P{K,x,pk) = 1. Let P{K,x,-) = P{K,x,-) o e\ U K = xf, then P{Kf,x,-), 
and P{K^,x,-) agree with P^{t,x,-) and P^{t,x,-), respectively, defined in Section [3^ 

Lemma 6.2 For eac/z ni G {0, 1}, ^2,^3 G Z>o, i/iere is a uniform constant C > depending 
on ni,n2,n3, siic/z i/iai C H{a), then for any t G \b^a], x G M, and z G Fr, i(;e /laue 

i9r52"^9?,^.^^(i,^,^fw)i<c^- 
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Proof. The case ni = follows from Lemma [2.31 immediately because Kf G 'h}'{a.) for t G [6, a], 
and if {Hn) is a sequence in T-L (a), and -ff^ — > H, then 

uniformly in j; G M and z G F/j, for any n2, G Z>o. 

Now we consider the case ni = 1. First suppose that dD is analytic, i.e., dD is the disjoint 
union of analytic Jordan curves. Let K G 'H^{a). Then = R'f°VK{D\K) also have analytic 
boundary. Since P{K,x,-) vanishes on except at e*^, so P{K,x,-) extends harmonically 
across d^lk \ {e*^}. Thus, P{K,x, •) extends harmonically across d^lx \ {^^ + 2n7r : n G Z}. 
For x,y G M, let Qy{K,x,-) be a continuous function on $7^ \ {e"} such that Qy{K,x,-) is 
harmonic in fi/^; vanishes on T \ {x}; behaves like cRe t^^^ + near e*^ for some c G M; 
and 

QyiK,x,z) = -2Reid3,zPiK,x,z)z^ ), z G {d^K \T) U ipxip)- 

Such Qy{K,x, •) exists uniquely. Let Qy{K,x, •) = Qy{K,x, •) o e*. From ()2.13p and the values 
of P^{t,x,-) at dn^t\T = %bl{dQ) and 4 = V't(p), it is easy to check that diP^{t,x, z) = 
Q^(^t^{Kf ,x, z), and so diP^{t,x, z) = Q^(^t^{Kf ,x, z). Using Lemma [231 we can conclude that 
for any n2,n3 G Z>o, d2'^d^\Qy{K,x,ipK{z)) is uniformly bounded in x,y G M and z G Fr. So 
the proof in the case that ni = 1 and dD is analytic is finished. 

Now we consider the case that ni = 1 but dD may not be analytic. We may find V that 
maps D conformally onto Dq with analytic boundary, such that V{0) = 0. Moreover, suppose 
Fq := V{F), ao := V{a), and V{H{a)) do not contain oo, and zq := V{ze) / oo. Then oq is a 
Jordan curve in C such that G U{ao), -ff(ao) = y{H{a)) C Do\ {zq}, and Fq is a compact 
subset of Do \ {H{ao) U {oo}). Let W = Rj oV oW, = Rt{Do), and po = Rt{zo). Then 
W maps Q conformally onto Qq. Let = (e*)~^(r2o)- Choose W that maps conformally 
onto r^o such that W o = oW. There is 6o £ such that if H is an interior hull in D with 
G and c&p{H) > b, then cap{V{H)) > bo- 

Suppose Ki C 7i{a). Using the argument in Section [3^ we conclude that there are oq G M, 
^0 G C{{—oo,ao]), and a continuous increasing function u that maps (— oo,a] onto (— oo,ao] 
such that V{Kf) = K^'^^^ for — oo < t < a. Then we have Ks" G 'H(ao) for — oo < s < ao, and 
^^(^) > ^0- Let 

^* = ^Si)°^°(4)"'> = V^§,)oVFo(V^«)-i, -oo<t<a. (6.1) 

Using the argument in Section [3T3l we can conclude that VFt o e* = e* o Wt, u'{t) = VF/(^(t))^, 
Coiu{t)) = Wt{^{t)), and for any w G ^t, 

dtWtiw) = WUmf coi2{Wtiw) - Wtim)) - Wliw) cot2(w; - ^(0)- 
So we have that for any z £ Qt, 
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For — oo < t < ao and x G M, let Pq •) be the generalized Poisson kernel in t/j^ (^}q\L^) 
with the pole at e*^, normalized by PQ°{t,x,il)f°{po)) = 1; and let P^°{t,x, •) = P^°{t,x, •) o e\ 
Then we have 

PHt,x,z) = P^'\u{t),Wt{x),Wt{z)), -oo<t<a. (6.3) 

Let Fq^r = (e*)~^(i?T(-Fo))- Since Dq has analytic boundary, so for any ni S {0,1}, n2,n3 G 
Z>o, there is a uniform constant C depending on ni, n2, and 723 such that for t G [feoiOo] and 

\d^'drd^^,P^^t,x,4^{z))\<C. 

From (j6.3p and that u{[b,a]) C [^OiOo] and n'(t) = VF/(^(t))^, we suffice to prove that for any 
ni G {0, 1} and 112 G Z>o with rii +722 > 1, there is a uniform constant C depending on ni and 
n2 such that |(9;'ia^2p^t(2)| < C for any t G [b, a] and z G MU^^f (F/j). Since e^o = Wtoe*, so 
we suffice to prove that there is a uniform constant do > such that > 60 for t G [b, a] 

and z G T U iI}^{Fr)] and for any ni G {0,1} and rz2 £ Z>o with ni + 71-2 > 1, there is a 
uniform constant Cq depending on ni and ri2 such that \d'^^ d'^'^Wt{z)\ < Cq for any t G [6, a] 
and z G Tu4(Fij). 

For the existence of 5q, we consider two cases. The first case is z G T. This is trivial because 
\Wt{z)\ = 1 on T. The second case is z G ipti^n)- From dm and that Vt" = Rj o (pf o Rj, 
the inequality in this case is equivalent to that |99^°^^(z)| < I/60 for any t G [a,b] and z G Fq. 
This can be proved by applying Lemma [T3] to ?^*°(ao) and using the facts that v^^'/.n = V'^^o > 

JC^^^) G ^*o(ao) for t G [6, a], and 00 (/^^(i^o) for every H G ^^»(ao). 

Next we consider the existence of Cq. We first consider the case ni = 0. For any 77-2 G Z>o, 
the uniform boundedness of d^^Wt{z) on 'ipf[F]^) follows immediately from Lemma |2 . 3 1 applied 
to 'h}'{a) and 'H''°{ao). Using Lemma 12.31 we may also obtain uniform numbers r G (0,1) and 
M G (0,00) such that for t G [b,a], we have {r < \z\ < 1} C ilf, and |Wt(z)| < M on {\z\ = r}. 
Then the uniform boundedness of d^^Wt{z) on T follows from Cauchy's integral formula. A 
similar argument together with (16. 2p proves the case 7ii = 1. The two fractions in (16. 2p do not 
cause any problem because they are uniformly bounded as long as z and Wt{z) are uniformly 
bounded away from T, which are true for z G 'ip^{Fji) and z G {|z| = r}. □ 

Lemma 6.3 There is a uniform constant C > such that if Ka C H{a), then for any t,t' G 
[b, a], \XHt)\ < C and |X«(t) - X«(t')| < C{\t - t'\ + |e(t) - ^{t')\). 

Proof. Suppose C H{a). Write J«(t,x) for jf (x). Note that X^{t) = {dlJd2^z)J^{t,i{t)). 
So it suffices to prove that there is a uniform constant C > such that for any t G [6, a] and 
X G M, \d'^^d^l{dlJd2,z)J^{t,x)\ < C for 711,712 G {0,1}. We need to show that 1^2,^ J'^^t, x)| 

is bounded from below by a positive uniform constant, and \di^d2'^^^ J^{t,x)\ is bounded from 
above by a positive uniform constant. The proof is similar to that of the above lemma. □ 
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Lemma 6.4 There is a uniform constant C > such that if Ka C H{a), then for any ti < 
t2 € [fc, a] and z £ Fr, we have 

\diPHt2,m),i^tM) - diPHt,,ati),i^U^))\ < c{\t2 - til + im) - 

Proof. This follows from Lemma l3.ll and the above three lemmas. □ 

Lemma 6.5 There is a uniform constant di > such that, if Ka C H{a), then for any z G Fji, 
and any ti < t2 £ [b, a] that satisfy |t2 — ^il ^ di, we have 

P^{t2,at2),i^i (Z)) - PHtu^t.Ui (Z)) 
= d2PHtl,ahUi{z)) ■ mt2)-^{tl)) - (i2 

+ldiPHh,c{h),i^U^)) ■ mt2) - ah)? - 2{t2 - ti)] 

+0{A^) + 0{AB) + 0{AB^) + 0{B^), 

where A := 1^2 — ill? B := sup^ ~C(^)|}7 and 0{X) is some number whose absolute 

value is bounded by C\X\ for some uniform constant C > 0. 

Proof. We may choose a compact subset F' ofD\H{p) such that F is contained in the interior 
of F'. Let F^ = Rt{F) and F^ = (e*)~^(F^). So Fr and are contained in the interiors of F^ 
and F'j^, respectively. Applying Lemma [2.3l to ^{^{a), we obtain a uniform constant do > such 
that for any K G ?^^(a), we have dist(V'_R'(-F_R), dtpKiP'R)) > c^o- So there is a uniform constant 
do such that dist(^/>i^(FR), > do ^oi any K € T-O'la). Suppose C H{a). From 

Lemma l6.ll and the existence of do, we get a uniform constant di > such that if s,t G [b,a] 
satisfy |s — i| < di then for any z G Fr, [V'f (z), ■i/'j (^)] C tlji{F'^). 

Fix z e Fr and ti < G [0,a] with \t2 - ti\ <Ji. Let Pi^= p€(t2, C(t2), V'l (^)), ^2 = 
P«(ti,e(t2),V5'l(^)), ^3 = P«(ti,e(ti),V^|(^)), P4 = P«(ti,e(ti),^l(^)). Then 

^^^(i2,e(t2),V^l(^)) - = (^1 - P2) + {P2 - P3) + {P3 - Pa)- (6.4) 

Now Pi- P2 = jl'' diP^{t,i{t2),i)l^{z))dt. Fix any t G [ti,t2]- Applying Lemma O and 
Lemma [612] to F]j and using [V't (-z), V'tj (-2)] C il)^{F'j^), we have 

aiP«(t,^(t2),v^l(^)) = o(a) + 0(5). 

Applying Lemma 16.41 to Fr, we have 

diPHt,at),^k^))-diPHtuah),^U^)) = o{A)+o{B). 

So we get 

Pi-P2 = diPHti,ati),ipl{z)){t2 - ti) + 0{A^) + 0{AB). 
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Applying Lemma [6^ to F'^, since i^t^{z) G iIjI^{F'j^), so we have 

Applying Lemma ET] and Lemma lOl to F^, since [^j^ (-z), ('^)] ^ ^ii(-^R)' ^° have 

^p«(ti,^(ti),v^4(z))-5^p«(ti,e(ti),v^l(z)) = o(^), 

for j = 1,2. Thus 

P2 - P3 = d2PHti,({ti),i^u^)mt2) - ah)) 

+ldlPHh,ah),i^U^))m2) - Cih))^ + 0{AB) + 0{AB^) + 0{B^). 

Applying Lemma [6TT] and Lemma W?2\ to F^, since [^^^ (z), (z)] C ^j^(Fjj), so we have 

P3 - P4 = 2Re(a3,.P«(ti,^(ti),^f^(z))(V^f^(z) - i,l{z)))+0{A^) 

= 2 Re(93,.^^^(ti, ^1 {z)){t2 - h) cot2{i'i (^) - + 0{AB) + 0{A^). 

The conclusion then follows from ()6.4p and Lemma |3. 11 □ 

6.3 Convergence of driving functions 

We may choose mutually disjoint Jordan curves Oj, j = 0,1,2, in C such that G U{ao) C 
U{ai) C [7(02) and H{a2) C D \ {ze}. Fix b £ R such that b < ln((io/4) - 1, where do = 
dist(0, ao). So any H £ with cap(-fr) < b must satisfy H C U{ao). Let F be a compact 
subset of \ H[a2) whose interior is not empty. From now on, a uniform constant is a number 
that depends only on Ze, olq, oi, 02, -F, 6, and some other variables we will specify. Let 0{X) 
denote some number whose absolute value is bounded by C\X\ for some uniform constant 
C > 0. 

Let denote the set of simple lattice paths X = (X(0), . . . s G N, on ^ such 

that X(0) = 0, X{k) e D for < k < s, and Ufc=o(^(^ " l)'^(^)] ^ ^(ai)- Let Set(X) = 
{X(0),...,X(s)}, Tip(X) =X{s), Hx = \Jl=^[X{k-l),X{k)], a.nd Dx = D\Hx. Let Px 
be the generalized Poisson kernel in Dx with the pole at Tip(X), normalized by Px{ze) = 1, 
and gx be defined on V{D^) such that c/x = on Vd{D^) U Set(X) \ {Tip(X)}, A^,^^^ = on 
Vi{D^) \ Set(X), and gx{wi) = 1. Let be the set of X G L"^ such that cap(Fx) > h. Then 
we have the following proposition about the convergence of gx to Px- 

Proposition 6.2 For any e > 0, there is a uniform constant > depending on e such 
that, if < 6 < 5o, then for any X G L^, and any w G V{D^) n {D \ H{a2)), we have 
\gx{w) - Px{w)\ < e. 



50 



Sketch of the proof. This proposition is similar to Proposition 6.1 in [12]. So we only give 
a sketch of the proof Suppose that the proposition is not true. Then there are Eq > 0, a 
sequence (5„ — )• a sequence of lattice paths X„ G L^", and a sequence of lattice points 
Wn G V{D^) r]{D \ H{a2)), such that [gx^iwu) — Px^i'^n)] > ^o- By passing to a subsequence, 
one may assume that Wn ^ wq, and Dx„ — > Dq. Then Px„ tends to a generalized Poisson 
kernel function in Dq. Using linear interpolation to extend each gx„ to a continuous function 
defined in the unions of lattice squares inside Dx^- Since each gx„ is a positive harmonic 
function, so from Harnack's inequality, we can conclude that the extended {gx„} is uniform 
Lipschitz on any compact subset of Dq. Applying Arzela-Ascoli theorem, by passing to a 
subsequence, we conclude that gx„ go locally uniformly in Dq. Then one can check that 
go is a positive harmonic function. With a little more work, one can prove that go is also a 
generalized Poisson kernel, and in fact, go = Pq. So if wq = \imwn G Dq, we immediately 
get a contradiction. If wq Dq, then wq € dD. From Wn dD we get gx^i^n) — ^ and 
Pxn{wn) 0, which also gives a contradiction. □ 

Let the LERW curve qs on [0,X5] be defined as in Section 16.11 For < t < X&-, let 
vs{t) = cap(g5([0, t])), and = vs{x&)- Then is an increasing function, and maps [0, x<5] 
onto [—<X),Ts\. Let /^^(i) = q5{vj'^{t)), -co <t< T5. From Proposition 12. 3| there is some 
is G C((— 00, r^]) such that /35([— 00, t\) = K^^ for —00 <t< T5. Let noo be the first n such that 
{qsin — l),qs{n)] intersects oq. We may choose 5 < dist(ao,ai). Then g5([0,noo]) C U{ai). 
Let T^jj = vs{nao). Let no be the first n such that vs{n) > b. Pick any d > 0. Define a 
sequence (rij) by the following. For j > 1, let n^+i be the first n > nj such that n = n^, or 
vs{n) — vs{nj) > d^ , or |^5(n) — is{nj)\ > d, whichever comes first. Let (Tn) be the filtration 
generated by {qs{n)). Let = Tn^, < j < 00. Then we may derive the following proposition, 
which is similar to Proposition 6.2 in [12]. Since the proofs of these two propositions are almost 
identical, so we omit the proof here. 

Proposition 6.3 There are a uniform constant dQ > and a uniform constant (5o((i) > that 
depends only on d such that, if d < dQ and 6 < 5Q{d), then for all j > 0, 

E [{is{vs{nj+i)) - is{vs{n,))) - / X^'dt\T'^] = Oid^); 

Jvs(nj) 

E [iCsivs{nj+i)) - Cs{vsin,))f - 2{vsinj+i) - vs{nj))\rj] = Oid^). 
Let £,Q{t), — 00 < i < To, be the maximal solution to 

eo(t) = 4'^(t) + 2 f xf'ds, 

where (t), t G M, is defined in Section [3^ Let f^Q{t), —cc < t < Tq, be the whole-plane 
Loewner curve driven by ^o- Then /3q is a continuous LERW(L'; — )• z^) curve. 
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If a is a Jordan curve in C with G U{a), and f3 defined on [— oo,T) is a curve in C with 
/?(— oo) = 0, let Ta{f3) be the first t such that f3{t) G a, if such t exists; otherwise let Ta{fi) = T. 
Since qs{[0,T^J) intersects oq, so TaQ{qs) < T^^. Using the above proposition, we are able to 
derive the following theorem, which is similar to Theorem 6.2 in |12j . The proof uses Skorokhod 
Embedding Theorem, the method in the proof of Theorem 3.7 in [S], and the Markov property 

(2) 

of {e^(B^ (t))). Again, we omit the proof here. 

Theorem 6.2 Suppose a is a Jordan curve in C with G U{a), and H{a) C D \ {ze}. For 
every 6 G M and e > 0, there is 5q > such that if 5 < 5q then there is a coupling of the 
processes (Csit)) and (■Co(O) such that 

P [sup{|e*(e5(t)) - e^Um ■■ t G [6, r,(/35) V T,(/3o)]} < e] > 1 - e. 

Here if or is not defined on \b^Ta{Ps) VTo(/3o)], we set the value of sup to he +oo. 

6.4 Convergence of the curves 

So far, we have derived the convergence of the driving functions. Using the above theorem. 
Lemma 12.31 and the regularity of discrete LERW path (c.f. Lemma 3.4 in [lOj and Lemma 7.2 
in [l2]), we may derive the following theorem, which is similar to Theorem 7.1 in [12]. It is 
about the local convergence of the curves. Here we omit its proof. 

Theorem 6.3 Let a he as in the ahove theorem. For every e > 0, there is 5q > G such that if 
6 < 5q then there is a coupling of the processes {(3s{t)) o^nd (/3o(i)) such that 

P [sup{|/?5(t) - /3o(t)| : t G [-00, TM) V T„(/3o)]} < e] > 1 - e. 

Finally, we may lift the local convergence to the global convergence, and so finish the proof of 
Theorem 16. 1[ The argument used here is almost identical to that in Section 7.2 of ^12j. A slight 
difference is that now A is the set of Jordan curves a such that G U{a) and H{a) C D \ {ze}] 
and B is the set of continuous curves /3 : [— oo, T) ^ D for some T G M, with /?(— oo) = 0. 

6.5 Other kinds of targets 

Let be a finitely connected domain that contains 0. Suppose We is a prime end of D that 
satisfies We G (5eZ^ for some 5e > 0, and dD is fiat near w^, which means that there is r > 
such that Dr\{z G C : |z — ifel < t} = {we + aM)r\{z G C : jz — Wel < r} for some a G {±1, ±i}. 
For 6 > 0, let = We + iaS. 

Let M. be the set of S > such that We G ST?. If 5 G is small enough, then {wl,We) is 
a boundary vertex of , which determines the boundary point and prime end We, and there 
is a lattice path on that connects with We without passing through any other boundary 
vertex. Here we do not distinguish We from the boundary vertex {w^,We)- Let F = {we}, 
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E^i = VaiD^) \ F, and Ek = E^i U {qj : < j < k} for < k < X5 - l- Let {qs{0), qs{xs)) 
be the LERW on started from conditioned to hit F before E-i. So ^^(O) = and 
Qs{xs) = We- Extend qs to be defined on [0,X5] such that qs is hnear on [k — l,k] for each 
^ < k < xs- Then qs is a simple curve in DU {we} that connects and We- 

For each < /c < X(5~l) let /i^ be defined as in Lemma 2.1 in |12j with A = F, B = and 
X = qs{k). This means that hk is a function defined on V{D^), which vanishes on FyjEk\{q5{k)} , 
is discrete harmonic on Vi{D^)\{qs{Q), . . . ,g<5(fc)}, and hkiw^) — hk{we) = 1. Then for any fixed 
vertex vq on D^, {hk{vQ)) is a martingale up to the time when qs{k) = or E^ disconnects vq 
from Wg. Let = D \ qs{[—l,k]). Then qs{k) is a prime end of D^. Note that vanishes on 
qs{0), • • • , qs{k — 1) and all boundary vertices of D^, is discrete harmonic at all interior vertices 
of except qs{0), . . . , qs{k), and hk{w^) = 1. So when 6 is small, 6-hk is close to the generalized 
Poisson kernel Pk in Df^ with the pole at qsik) normalized by dnPk{we) = 1- Suppose /3o(*)) 
< t < S*, is an LERW(L';0+ — )• We) curve. Then we can prove that Theorem 16.11 still holds 
for qs and /3o defined here if we replace "5 < by "5 G M. and 5 < 5q\ 

Now suppose le is a side arc of D that is bounded away from 0+. Let be the set of 
boundary vertices of which determine prime ends that lie on /g. If (5 is small enough, is 
nonempty, and there is a lattice path on that connecting 6 with /f without passing through 
any boundary vertex not in if. Then we let F = I^, £'_i = Vg{D^) \ F, and E^ = E^i U {qj : 
< j < k} for < k < xs - !•• Let (^^(O), . . .,q5{x5)) be the LERW on started from 6 
conditioned to hit F before E^i. So (/^(O) = and qsixs) S le- 

For each < < x<5~l) let /ifc be defined as in Lemma 2.1 in [121 with A = F, B = E^-i and 
X = qs{k). This means that is a function defined on V{D^), which vanishes on FLlEf;.\{qs{k)} , 
is discrete harmonic on Vi{D^) \ {qs{0), . . . , qsik)}, and 

(/ife(wi) - /ife(t'^2)) = 1- 

When (5 is small, the function /i^ seems to be close to the generalized Poisson kernel Pk in 
with the pole at qs{k) normalized by Jj^ dnPk{z)ds{z) = 1. Let /3o be an LERW(D;0 — )• le) 
curve. 

If If. is a whole side of D, then we can prove that Theorem 16.11 still holds for qs and (3q 
defined here. If Ig is not a whole side, for the purpose of convergence, we may need some 
additional boundary conditions. Suppose the two ends of le correspond to w].,w1 € dD, near 
which dD is flat, and w].,w1 G (5eZ^ for some 6e > 0. Let M. be the set of (5 > such that 
w].,w1 G 51?. Then Theorem 16.11 still holds for qs and 70 defined here if we replace "5 < 5o" 
by "5 G and 5 < (5o". 

6.6 Restriction and reversibility 

Using Theorem 16.11 and the properties of the discrete LERW, we may derive the restriction and 
reversibility properties of the continuous LERW defined in this paper. 
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Corollary 6.1 Let D be a finitely connected domain, zq G D, and /g is a side arc of D. Let 
/3{t), < t < T , be an LERW{D; zq — t- /g) curve. Then a.s. limt_j>5/3(t), the limit of j3{t) in 
D, as t ^ , exists and lies on Lg. Moreover, the distribution of limt^sPit) is proportional 
to the harmonic measure in D viewed from zq restricted to Ig • If Je CI le is another side arc 
of D, then after a time-change, f3{t) conditioned on the event that limf_^5/3(t) G Jg has the 
same distribution as an LERW{D; zq — )• Jg) curve. This is still true when Jg shrinks to a single 
boundary point, say Zg, in which case, the conditioned curve f3{t) has the same distribution as 
an LERW{D; zq — )• Zg) curve, after a time-change. 

As pointed out by |10) and [5j, LERW is closely related with UST (uniform spanning tree) 
by Wilson's algorithm. This is also true for the LERW we considered here. The LERW started 
from an interior vertex vuq of conditioned to exit D at the given boundary point can be 
reconstructed as follows. Let T be an UST with wired boundary condition, i.e., all boundary 
vertices of are identified as a single vertex. In that case, there is only one lattice path that 
connects wq with dD^ . Now we condition that this path ends dD^ at Wg. Then this path is 
the above LERW. In fact, the reversal of such path is the LERW started from We conditioned 
to hit Wo before exiting D, as considered in p2]- The LERW from one interior vertex wq to 
another interior vertex We could be constructed as follows. Divide dD^ into two sets: So and 
Se. Identify Sq U {wq} as a single vertex: Wq] identify U {wg} as another single vertex: tu*. 
Let T be the UST on this quotient graph conditioned on the event that the two end points 
of the lattice path on T connecting Wq and wl are wq and We- Then the lattice path on T 
connecting Wq and w* is the LERW from vuo to tOg. Here the distribution of T does not depend 
on the choice of Sq and S'g. So it is clear that the reversal of this LERW is the LERW from vUg 
to Wq. From Theorem 16. 11 we have the following two corollaries. 

Corollary 6.2 Let D be a finitely connected domain, and zi ^ Z2 £ D. Let l3{t), < t < T , 
be an LERW{D; zi — ?■ Z2) curve. Then after a time-change, the reversal of (3 has the same 
distribution as an LERW{D; Z2 — )• zi) curve. Especially, if /3{t), —00 <t < 00, is a whole-plane 
SLE2 curve, then {W{l3{—t))) has the same distribution as {(3(t)), where W{z) = l/'z. So we 
get the reversibility of the whole-plane SLE2 curve. 

Corollary 6.3 Let D be a finitely connected domain, zq £ D, and wq is a prime end of D. 
Let f3{t), < t < T, be an interior LERW{D; zq — )• wq) curve. Then after a time-change, 
the reversal of P has the same distribution as a boundary LERW{D;wq — )• zq) curve, which is 
defined in fW^ . 

Remarks, (i) Using the stochastic coupling technique in [13] and the partition function given 
in Section [5l we may give analytic proofs of Corollary 16.21 Corollary 16.31 and Corollary 16.11 
without using the approximation of discrete LERW. 

(ii) For the discrete LERW connecting two interior points, one may let T be the UST on the 
discrete approximation with free boundary condition, and let LERW be the only curve on this 
UST connecting Wq and w*. This discrete LERW converges to the continuous LERW with free 
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boundary condition. It is defined similarly as the continuous LERW defined here, except that 
in (jl.ip we must use a Green function with Neumann boundary condition on dD. 
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